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MECHANICS 

INTRODUCTORY 
CHAPTER I 

FUNDAMENTAI. PRIKCIPLES 

1. Science and Natural Law. Physical Science is concerned 
with the discovery, investigation, description and explanation 
of phenomena in the inorganic, or inanimate, world. 

The natural tendency of the human mind is to try to arrange 
the facts of daily observation according to some rational plan ; 
to subject them to some general rule; in short, to explain them. 
A new fact is considered as explained when it has been shown 
to be in accord with previous knowledge and to conform to 
some more comprehensive statement of relationship. Thus 
daily experience shows that all bodies, such as wood, stone, 
lead, water, etc., if unsupported, fall to the ground, or if sup- 
ported, they press upon the support ; in other words, they have 
weight. Torricelli recognized as the cause of the pressure of 
the air the fact, already known to Galileo, that even gases have 
weight, and he showed that the ocean of air presses upon the 
earth's surface because of its weight. In this way the phenom- 
enon of atmospheric pressure was brought into harmony with 
the facts of previous knowledge, and with the general proposi- 
tion that all bodies have weight. 

8ueh a proposition is called a law of nature. It has been 
found to be true in all cases observed ; and while it may here- 

B 1 



2 COLLEGE PHYSICS 

after be included in some more general proposition, it can never 
be shown to be false. Science has been defined as " a body of 
generalizations so irrefragably true, that while they may be 
subsequently included in some larger generalization, they can 
never be overthrown." The law of weight has since been 
included in Newton's law of gravitation, but it has lost none of 
its truth thereby. 

Physical Science embraces the related branches, Physics and 
Chemistry. The boundaries of these sciences are separated hy 
no sharp line of demarcation, but overlap in many cases, and 
many laws are common to both. Their methods of attack are 
daily becoming more similar as their intimate relation is better 
understood. Their ultimate problem is the investigation of 
phenomena and the enunciation of laws pertaining to the con- 
stitution of matter and its relation to energy. 

2. Matter. Matter may be defined as that which we can 
perceive by our sense of touch. A mass is a definite quantity 
of matter. (J liemistrjT fs* "occupied with the investigation of 
changes in the composition of matter. Its fundamental propo- 
sition is that of the "Conservation of mass." In accordance 
with this principle, it is asserted that the quantity of matter in 
the universe is constant, and that by no human, agency can 
matter be created or destroyed. 

Physics is concerned with matter only in so far as it serves 
as a carrier of energy. The fundamental proposition of Physics 
is the " Conservation of energy." This proposition asserts that 
the quantity of energy in the universe is constant ; that energy, 
like matter, is indestructible; and that although it may be trans- 
formed and transferred in an endless round of changes, no energy 
is ever lost — the amount of energy remains the same. This does 
not mean that all the energy is available, or that it will remain 
so. Much of the energy at our disposal is wasted, in that it 
escapes in the form of uniformly diffused heat and is thereby 
rendered unavailable. It has not, however, been destroyed. 

3. Inertia. Of the various properties of matter, such as ex- 
tension, impenetrability, divisibility, porosity, compressibility, 
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elasticity, weight and inertia, perhaps the most characteristic 
is that of inertia. Inertia is the resistance which matte r offers 
to any change in its .condition ot rest or motion. Matter is 
powerless ot itseit eitner to move or to stop moving if once set 
in motion ; moreover, it resists any attempt to move it if at rest, 
or to stop it if in motion. 

Illustrations of inertia are seen in the hammering of the 
water in a water pipe on suddenly closing the faucet, in the 
action of the hydraulic ram or of the fly wheel of an engine. 
Familiar examples are also found in the stamping of snow from 
the feet, in the beating of dust from a carpet, in the motion of a 
bicycle rider when his wheel strikes a stone or in the case of a 
person who steps from a rapidly moving car while facing to the 
rear. More remarkable illustrations of inertia are seen in the 
action of dynamite when exploded upon the surface of a rock — 
the inertia of the air being sufficient to cause the rock to be 
pulverized by the sudden pressure ; in the method of supplying 
locomotives with water while running at full speed, and in 
milling machinery in which rapidly revolving steel bars beat 
the grain to powder. 

4. Fundamental Units and Measurements. The measure- 
ment of any concrete or physical quantity consists in com- 
paring it with some quantity of the same kind assumed as the 
standard or unit. Its magnitude or measure is then stated in 
terms of that unit, and consists of two parts : a numerical part, 
and the part which names the unit with which it has been 
compared. Both these parts are needed to give an exact idea 
of the quantity in question. Thus we may give the length of 
a table as 4.67 meters^ or as 4:,57 feet^ but no idea of the length 
of the table is possible until the unit of length is stated. 

The fundamental concepts of Physics are those of space, mass 
and time, and most physical quantities may be expressed in 
terms of these. For this reason the units of lengthy mass and 
time are called fundamental units^ and all other units expressible 
in terms of these are called derived units. Such a system of 
units is called an absolute system. In the system in common 
use among scientific men the unit of length is the centimeter^ 
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the unit of mass is the gram and the unit of time is the second. 
This is usually called the c. G. s. system. The corresponding 
units in the English system are the foot^ the pound and the 
second. 

The centimeter is the one hundredth part of the standard 

meter. The standard meter is represented by the distance, at 

^ he temperature of melting ice, between two marks on a certain 

bar of platinum-iridium, known as the international meter, kept 

"?, aj the International Bureau of Weights and Measures, near 

Paris. Two copies of this meter, known as the " national proto- 

«! types," are kept at the Bureau of Standards in Washington. 

The meter was originally intended to be the one ten- 
millionth part of an earth-quadrant from equator to pole. 
J t^ Subsequent measurements have shown this distance to be 

^ . 10,000,880 meters. The term meter^ therefore, refers to the 
' [^\ ' bar of metal and has no relation to the shape or size of the 
earth. By an act of Congress in 1866, the yard is defined as 
m^ of a meter, hence the relation between the centimeter and 

the inch is 

1 in = 2.64 cm 

The gram is the one thousandth part of a mass of metal 
called a kilogram. The international kilogram is also kept 
by the International Bureau of Weights and Measures, near 
Paris. Two prototypes of this kilogram are kept by the 
Bureau of Standards in Washington. 

It was intended that the gram should represent the mass of 
one cubic centimeter of disliilled water at its temperature of 
maximum density [4° C]. Although more exact determina- 
tions have shown this relation to be slightly in error, yet for 
all practical purposes we may regard the mass of one cubic 
centimeter of distilled water at 4° C as equal to one gram. 
By the same Act of Congress in 1866, the relation between the 
kilogram and the pound was declared to be 

1 kilo = 2.2 lb 

The second is the unit of time employed in scientific meas- 
urements and may be defined as the ^|]nr P*^* ^^ ^ mean solar 
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day, where a mean solar day denotes the average time between 
the successiye passages of the sun across the meridian, taken 
throughout the year. 

It remains to be noted that while the units of mass, length 
and time are called fundamental units, there are employed other 
units not directly reducible to these, though connected with 
them by certain constants which have been determined by 
experiment. Such units are the units of temperature, of heat 
and of luminous intensity. 

5. Dimensional Formulae and Derived Units. It is fre- 
quently of advantage to express physical quantities in gen- 
eral terms, in order to show more clearly their relation to each 
other. In such cases we write the symbols [i!f], [i] and 
[T], with the proper exponents, to show how the fundamental 
quantities of mass, length and time enter into the derived units 
in question. Such a formula is called a dimensional formula. 
Since the dimensional formula is concerned with the nature of 
the quantity, rather than with its magnitude, numerical coeffi- 
cients do not appear. A few examples of derived units will 
illustrate. 

Area. The area of any plane figure is proportional to the 
product of two of its linear dimensions ; hence the dimensional 
formula for any area is f J^] ; i.e. the square of a length. Unit 
area is 1 cm^. 

Volume. Since the volume of any solid is proportional to 
the product of three of its linear dimensions, the general 
formula for a volume becomes [i^] ; that is, the cube of a 
length. Unit volume is 1 cm^ or 1 cc. 

Density. The density of a body is, by definition, the mass 
per unit volume. It is found by dividing the mass of a ,body 
by its volume ; hence, the formula for density is 

[I] or [ifi-3] 

Unit density is a density of 1 g per cm^. 
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Specific Volume. The specific volume of a substance is de- 
fined as the volume containing unit mas s of the substance. It is, 
consequently, the reciprocal of the density of the substance, 
and its dimensional formula is, therefore. 



[m] ""' f^'^"'^ 



Unit specific volume is, accordingly, a volume of 1 cm* per 
gram. 

6. Dimensional Formulae. Time Relations. Velocity. Veloc- 
ity is the time rate of motion. If a body move over a space of 
8 cm in t sec, then the time rate of motion, or average velocity, 
is given by the equation 

-^ (1) 

Even if the velocity vary from instant to instant, yet its 
value at any given instant is perfectly definite, and is obtained 
by dividing smaller and smaller spaces ds by the correspond- 
ingly small times dt^ needed to traverse these spaces. The 
limiting value of this ratio, as 8 and t grow smaller and smaller, 

is, then, the time rate of motion for that instant of time. 

Velocity includes the additional idea of motion in a definite 
direction. Thus, a velocity is stated as 10 cm per second, 

from north to south, or as 25 — northeast. In cases where 

sec 

direction is either of no importance, or cannot be stated, this 

time rate of motion is termed speed. In this text, speed will 

be symbolized by v. Since velocity is stated in units of length 

per unit of time, the dimensional formula becomes [ijP"^]. 

Unit velocity is a velocity of 1 cm per second. 

Acceleration. Acceleration is the time rate of change of veloc- 
ity. When the motion oFlTbody is not Uniform, tfre velocity is 
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no longer constant, but changes every instant. This change in 
velocity may be a change either in magnitude or in direction. 
If this change in velocity be uniform, then the rate of change 
is constant, and is found by dividing the difference between 
the final and initial velocities, v and v^, by the time t, during 
which the change in velocity occurs, or 

a = ^ (3) 

Even if the acceleration be not constant, equation (3) gives the u 
average acceleration during the time t. At any instant this time 
rate of velocity is given by the limiting value of this ratio, or (r/ <^X^* ^'i 

The dimensional formula for acceleration is 



[^]=[ir-«] 



Unit acceleration is an acceleration of 1 cm per second per 
second. 

Momentum. Mom entum is the quantity of motion possessed 
by a body, and is measured by the product ot its mass'and its 
velocity. Momentum is symbolized by wv, and Its dimensional 
formula is \_MLT^'^'\. Unit momentum is possessed by unit 
mass moving with unit velocity. 

Force. A body has no power to change its motion of itself. 
Any change in the motion of a body, eith er in magnitude or / . . 
direction, must be due to some action upon the body, which wg ^ * ^ ' C' 
t erm a foT^el Force may be defined as that which^^ange^ the 

motion of a body, and is measured by the time rat e of change of 

momentum. Its equation is 

IT mv — mvn ^cx 

F=s ^ = ma (5) 

The dimensions of force .are [ML 2^^]. The unit of force ' 
is the dyne. It is that force which will give unit mass unit 
acceleration. 
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H* Circular Measure of Angles. About the vertex O of the 
angle (Fig.* 1), describe a circle with radius r, and denote 
the subtending arc, AB^ by «. Then in circular measure the 

angle is defined by the equation 




0=i 

r 



(6) 



If be taken as unity, then 
« = r. This unit angle is called 
a radian. A radian is that angle 
whose subtending arc is equal to 
the radius. 1 radian = 57°. 2968 
= 3437'.75 = 206265". 

Again, from the point A drop 
a perpendicular to OB, and from 
B erect a perpendicular to OB to meet CA produced. Then, 
in the two right triangles ACB, and HOB, we have 



Fig. 1. 



sm 



= 



and 



tan = 



DA 
CA 

BE 
OB 



(7) 



(8) 



Since CA and GB are radii of the same circle, we may write 

Sin u = , = , tan = 9 

OB OB' OB 

or the angle lies between its sine and its tangent in value ; 
that is, 

sin^<^<tan^ (9) 

As approaches 0, these values approach each other, and for 
small angles, we may write without serious error, 

8inl9 = 5 = tanl9 '^ (10) 

This approximation is frequently employed in physical formulae. 
The formulae are usually assumed as correct for values of 
under three degrees. 
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Jif. Trigonometrical Formulae. The following trigonometri- 
cal relations will find frequent application. In any right tri- 
angle ABC (Fig. 2), right angled at (7, we have by definition 



. A _ 9ide opposite _ BC 
hypotenuse AB 



cos 



J _ side adjacent _ AC 
hypotenuse AB 



(11) 



(12) 



, A _ side opposite _BC _ sin A ^^on 

side adjacent AC cos A ^ 




Also 



Fio. 2. 



sin A = cos (90° - A) = cos B 
8in^A'\-cos^ A=: 1 

sin(^ -\- B)= sin A cos B + cos A sin B 
sin 2 ^ = 2 sin A cos A 



(14) 
(15) 
(16) 
(17) 



The following table of values of the sine, cosine, and tangent 
of the various angles should be memorized. 



Table I 






0° 


30° 


45° 


60° 


90° 


180° 


sine 
' cosine 

tangent 




1 




i 

1 


JV2 
iV2 

1 


iV3 
i 

V3 


1 


oo 


/ 
-1 





9. Curvature. The direction of motion of a body at any 
point in a curved path is the tangent to the curve at that point. 
Since the direction in which the body is moving constantly 
changes, it is of importance to know the rate at which the 
direction of motion changes. Curvature is defined as the space 
rate of change in direction. 

In the case of a point describing the circular arc PQ (Fig. 8), 
the change in direction is the angle included between the tan- 
gents at these points. This angle is in turn equal to the angle 



:^ 
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tf, included between the radii OP and OQ. But by equation C6) 



% 



(9 = - ' (18) 
r . 



hence the curvature is 



^ = i (19) 

% r 




or the curvature at any point on a curve is the reciprocal of the 
radius of the circle which most nearly coincides with the curve 
at that point. In the circle the curvature is constant ; it is 

variable in the ellipse or the parabola, 
and zero in a straight line. 

10. Vectors and Scalars. Certain phys- 
ical quantities, such as displacements, ve- 
locities, accelerations, forces, etc., are of 
such a nature that they can be completely 
described only by giving their ma^nitude^ 
direction and sense. Thus consider two 
elevator cars attached to the opposite 
ends of the same cable. While their 
speeds are exactly equal, yet their veloc- 
ities are very different,' although both cars move in the same 
vertical direction the velocity of the first may be 2 m per second 
upward^ while the velocity of the second is 2 m per second 
downward. The sense of the velocities is given by the two 
terms, upward and downward. If the first velocity be taken as 
positive, the second must be considered as negative. Such 
quantities are called directed quantities or vector quantities, A 
vector quantity is a quantity which may be completely represented 
by a straight line of definite lengthy traced in a specific sense. Its 
magnitude is given by the length of the line, its direction by 
the direction of the line and its sense by an arrow-head showing 
the sense in which the line was traced. 

Other physical magnitudes, such as mass, density, energy, 
power, electrical resistance, etc., have no relation to direction, 
and are completely described by stating their magnitude. Such 
quantities are called scalar quantities. 
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11. Projection upon Rectangular Axes 
of rectangular axes XX\ YY 
(Fig. 4), then any vector may 
be resolved into two compo- 
nents parallel to the two given 
axes. Thus let 00 represent 
such a vector making an angle 
6 with the axis of x. Then 
OA^ the component of 0(7 par- 
allel to the axis of x^ is defined 
by the equation 



If we have a pair 

Y 



OA = 00 cos (20) 



Also 




OB^ 0(7 cos (90° -tf) 
= 0(7 sin 



(21) 



These two components, OA and OjB, are called the ^roy^cj^iem* 
of 00 upon the axes of x and y respectively. The angle 
measures the difference in direction between the line 00 and 
the a;-axis and is called the direction angle. To project any line 
upon any other^ multiply the line in question by the cosine of the 
direction angle. 

12. Addition and Subtraction of Vectors. Given two vectors p 

and J, represented in mag- 
nitude, direction and sense 
by the straight lines AB 
and BO (Fig. 5), as indi- 
cated. Then their sum r, 
equal to -4.(7, may be de- 
termined and calculated as 
follows : From the point 
drop a perpendicular upon 

AB produced, and let the angle be the difference in direction 

between the two vectors. Then 




Fig. 6. 



ty 



AC^ = A&-hDO^ 



(22) 
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or 
whence 



r^=:[^p + q cos 0Y+ ^ sin^ 
r^ =jp2 ^q2^2pq cos 



(23; 

(24) 




It is to be noted that this formula covers all possible cases 
arising from different values of 0. Thus, when 
^ = 0%r=jt? + (?; for^ = 90°, r2 = p2+52, ^ = 180^ r =j[> - g. 

The solution may be 
effected graphically by lay- 
ing off and connecting in 
order the lines AB and jB(7, 
representing the vectors p 
and q; then the line AC 
represents the vector sum of 
p and q^ where the points 
A, B and C may be any 
points whatever. 

13. Summation of any Number of Vectors. The foregoing 
graphical method may be extended to the case involving any 
number of vectors. Thus 
the resultant r (Fig. 6) of 
the vectors p^ q; «, t and u 
is represented in magni- 
tude, direction and sense 
by the line drawn from the 
beginning of the first to 
the end of the last, the 
vectors being added in any 
order whatever. 

The numerical value of 
the resultant of any num- 
ber of vectors is readily calculated by projecting the vectors 
upon the axes of x and y, adding the various components upon 
each axis, and then combining the x and t/ components. Thus, 
if (Fig. 7) jpi, p2^ ••• pn', be the various vectors, making angles o^. 




Fio. 7. 



„, with the axis of a;, then the sum of the x component is 



Xj-^X2+ '" Xn=PiCO^a^-\'P2C08a2-^ '"Pn^OSan (25) 



^ 



s 
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or X= 2jp cos a (26) 

and similarly !F= 2p sin a (27) 

whence r» = X^ + Z^ (28) 

and the angle <^ between the resultant and the axis of x is given 
by the equation 

tan <^ = -^ (29) 



^^/ /T^y ^5oo-t/ ^X-fiA. ' 



-*-- 'K/'^v-^^. > -^ '. y 



Ci V 



» r 



^ , . '. 



Vvv ^ 



MECHANICS OF SOLIDS 
CHAPTER II 

FORCE AND MOTION 

14. Force. Our earliest ideas of force are derived from our 
sense of the muscular exertion needed to produce change in the 
motion of bodies about us. If we throw a stone into the air, 
roll a heavy truck along a smooth platform or move a log 
floating in the water, we are, in each case, conscious of a cer- 
tain muscular effort needed to put these bodies in motion. 
Our experience also teaches us that this effort is greater in 
the case of large bodies than of small ones of the same kind, 
and also that it is more difficult to produce rapid motion in 
any case than to move the body slowly. 

Again, we soon learn that this muscular effort is needed to 
stop a body when it is in motion. We learn to associate rapid 
motion^ or the motion of large bodies^ with great muscular effort. 
In short, we early learn that muscular effort is needed to change 
the motion of a body. 

Whenever a body has its condition of motion changed, either 
in magnitude or in direction, this change is attributed to the 
action of something which we term a force. A force is thus 
considered as an action upon a mass, and is measured by the 
prodtict of the mass and the acceleration conferred upon the mass^ 
Ftyroe is defimed as the product af mass-uml^ ^ehrati ^ n ^ or 

F=Ma (30) 

The c. Q. s. unit of force is the dyne, A dyne is that force 
which will give a gram mass an acceleration of 1 cm per sec- 

14 
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qnd per second, or yt is that force which will give to unit mass 
iipit acceleration. 

By an easy association of ideas, we come to attribute the 
motion of bodies to forces other than those directly due to our 
own muscular efforts. Thus, we say that the branches of the 
trees are tossed about by the force of the wind, that the motion 
of the falling body is due to the force of gravity, that the body 
attached to a spiral spring is kept from falling by the elastic 
force of th€ spring or that the ball is driven from the barrel of 
an air gun by the elastic force of the compressed air. 

15. Pressure, Stress, Tension. When a force is distributed 

« 

over an area, we are accustomed to specify the force exerted 
upon each unit of area. Pressure denotes the force per unit 
area^ or 

P = j (31) 

The dimensions of a pressure are, accordingly. 



r ^-^n =[it/z-ir-2] 



The pressure on the piston head of a steam engine is ex- 

j . dynes . lb 
pressed m -^—— , or m ;— - • 

cm^ in^ 

At any point in the interior of a medium subjected to an 
external force, there exists a system of resisting forces which is 
termed a stress, A stress is likewise measured in terms of 
force per unit area. The dimensions of a stress are the same 
as those of a pressure. 

It is frequently of advantage to discriminate between exter- 
nal and internal pressure. Thus a gas when compressed by an 
external force reacts against the compressing piston with a 
pressure equal to the external pressure. If the external forces 
acting upon a medium be directed toward each other, the 
medium is said to be under pressure, while if the forces be 
directed away from each other, it is said to be under tension. 

Tension, like pressure, is usually measured in force per unit 
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area, although the term tension is also used in a different sense 
in the case of surface tension^ namely, as force per unit length. 
(See Art. 89.) 

In all cases of stress, pressure or tension, the total force 
exerted upon any area is at once obtained by multiplying the 
value of the stress, pressure or tension by the area involved, as 
equation (81) clearly shows. 

16. Impulse, Weight, and Inertia. When a force acts for but 



a short ti me, as in the case of a blow or a collision, the effect 
is called an impulse. An impulse is measured by the product 
of the force and the time during which the force acts, or 

^ Impulse = Ft (82) 

The element of time is essential to the consideration of the 
effect of any force, since nothing short of an infinite force could 
produce an effect in zero time. 

Again every force is to be considered as resulting from the 

mutual action of two bodies. Under this aspect there exists a 

stress in the medium between the two bodies. Thus a mass of 1 

kilogram is attracted towards the earth and in turn attracts the 

earth with a force of 980,000 dynes. This mutual action tends 

to produce motion in the case of each body. The force by 

which a body is attracted toward the earth is called its weighty 

audits weight is the product of its mass and the acceleration 

due to gravity, or 

- W=:Mg (88) 

Since the value of g increases slightly from the equator to 
the pole, it follows that the weight of a body is not constant at 
different points upon the earth. The mass of the body, however, 
is constant. 

Weig ht is not to be confused with inertia, which signifies 
Jheresistance which a body offers to being set in motion in any 
direction. The weight of a body may be determined by means 
of the ordinary spring balance. When the body attached to the 
spring comes to rest, the force Mg^ due to the mutual attraction 
between the body and the earth, is equilibrated by the elastic 
force due to a definite distortion of the spring. This force 
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\ 

represents the weight of the body. If, now, the balance be 
suddenly given an acceleration a, upward, the inertia of the ^ ^ 
bodyyi i*ppLlU 1! iu an increased streteh in the spring, and igr ^i^^ ^//^^r 
measured by Ma. This force^^may be increased indefinitely as 
a is increased. Hence inertia has been defined as the kinetic 
reaction of matter against a change of motion. The inertia of 
a mass is a constant and characteristic prop erty ; its weight is 
a function of the acceleration due to gravity. ?>i->vt ' 

17. Motion. Displacement is a change of position withoufe^ 
regard to time. Motion is a change of position occurring in 
time. All motion is purely relative. Neither absolute rest nor 
absolute motion are known in the universe. Motion embodies * 

the two concepts of space and time, and may be conveniently 
subdivided in accordance with these fundamental relations. 

1. . Space Mel ations. From the point of view o f space rela- 
tions motions may be said to be of two kindsj_Cg}— .gQ^AQ^. ^f 
translation, (6) motion oi r otation. 

2. - Time Melations. Under this aspect, motion may be studied 
in its relation to acceleration, from which we h ave : (^q^ un iform 
ynotion, (6) uniformly accelerated moti on ^ (/?) simple harmonic 
motion. 

Besides these simple relations there exist very many combina- 
tions, only a few of which can be noticed here. 

Space Relations, (a) Translation. If we imagine a pa rticle 
to move in space, its path is a line^ either straight or curved. 
Such "mottOH "18 termed linear motion, and the displacement, 
•velochy and acceleraTTon'* concerned are Tmear in character in 
each caser^Suchlmbtion IS puFe translation. If now an extended 
body move in" such a way that "each point in the body traces a 
righ t line^ then the body is saidjbo undergo translati on. Examples 
of translation are seen in the up-and-down motion of an elevator, 
or in the motion of a train of cars on a straight level track. 

(6) Rotation. If, on the other hand, the body move so that 
pa^h po mt in th e body describes a circle about a certain line, 
t hen the body is said to rotate and the. jnotion is-jone of. rotatio n. 
The line about which all the points in the body describe circles 
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is called the axis of rotation. Since all these circles are described 
in the same time, it follows that the radii of these various circles 
all sweep out angle at the same rate. Rotation is therefore 
angular motion, and the displacement, velocity and acceleration 
concerned are all angular in character. 
t[vC ^ Examples of rotation are seen in motion of the fly wheel of 
an engine, or in the spinning of the wheel of a bicycle when 
held free from the ground. 

In nature these two kinds of motion are rarely found entirely 
distinct from each other. A stick or a ball when thrown into the 
air, undergoes both rotation and translation at the same time. 
Examples of this sort of motion are seen in the motion of a base- 
ball when struck " foul," or in the motion of a carriage wheel 
as it rolls along the ground. 

Time Relations, (a) Uniform mot ion. It a body undergo 
either translation or rotation jinder circumstances such that 
the ac ce le r a tion is c onstantly z ero , we have the conditio n for 
uniform motion  ^ The motion may be either uniform linear 
motion or uniform angular motion. 

(J) Uniformly/ accelerated motion. ^ If tran slation or rotation 
occur under circumstances such that the acceleration has and 
maintains a constant value, we shall ha ve uniformly accelerated 
motion, of tran slation or of rota tion, as the case may be. 

(<?) Simple harmonic motion. In this type of motion the ac- 
celeration is directly proportional to the displacement from the 
position of rest of the body. The resulting motion is either 
linear or angular simple harmonic motion, according as the 
displacement from the position of rest was a linear or an an- 
gular displacement. To the study of this form of motion 
several subsequent articles will be devoted. 

Besides the various forms of motion already mentioned, 
there exist in nature numerous combinations, some of which 
are extremely complex and much too difficult for treatment in 
an elementary text. 

18. Newton's First Law of Motion. We have seen that a body 
is powerless to acquire motion of itself, and equally incapable 



FORCE AND MOTION 19 

of coming to rest of itself, if in motion. Change of motion, 
therefore, is always due to the action of a force. The equation 

shows that force does not appear except in connection with 
matter. There is always a mass involved. Again the factor 
a indicates that force is exerted <mly while the motion is chang- 
ing. A steam engine exerts force in pumping water from a 
well in that it sets the water in motion; the exploding gun- 
powder exerts force upon the cannon ball during the time the 
ball is passing from the breech to the muzzle of the gun. The 
ball in turn exerts force only while its motion is changing, i.e. 
while it is smashing the target or piercing the armor of the 
ship. A ball flying through space and encountering no resist- 
ance exerts no force ; its motion is unchanged. A locomotive 
pulling a train with uniform velocity along a level track exerts 
force sufficient to overcome friction and no more. A body in 
motion moves until some force stops it. This is all summed 
up in Newton's first law of motion: <. * • 

" Every body continues in its state of rest or uniform motion in 
a straight line^ except in so far as it is compelled to change that 
sjMe by force impressed up on it,'^ 

This law is embodied in the equation 

F=Ma 

If a be zero, there is no force ; hence there must exist either 
rest or motion. Again, a denotes the rate of change of velocity 
either in magnitude or direction; hence if a be zero, there must 
exist either resit or uniform motion in a straight line. 

All apparent exceptions to the action of this law are in reality 
but proofs of this truth. A stone thrown into the air does not 
move with uniform velocity in a straight line for a single in- 
stant ; yet the reason is found in the impressed force of gravi- 
tation, which compels it to change that state. 

19. Newton's Second Law of Motion. The second law of 
motion is : 
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** Chan ge ofmotion is proportional to the moving for ce impress ed^ 
and takes place i n the direction in which the force a cts.^^ 

It is to be noted that by " change of motion " Newton meant 
change in momentum^ as his own explanation of the meaning of 
the law clearly shows. He explains this law as follows : " If 
a force generate any motion, a double force will generate a 
double motion, a triple force a triple motion, whether they be 
applied simultaneously and at once, or gradually and succes* 
sively. This motion, if the body were already moving, is either 
added to the previous motion, if in the same direction, or sub- 
tracted from it, if directly opposed, or compounded with it if 
the two motions are inclined at an angle." 

This law is also embodied in the equation 

F=Ma 

and gives us a means of measuring either force or mass as the 
case may be. Thus we judge of the mass of a body by the 
force necessary to set it in motion. We kick a barrel lying on 
the ground to see whether it is empty or not. If full, it is 
started with difficulty ; if empty, it moves very readily. 

Again, suppose we have small cubical blocks of cork, alumi- 
num, and lead, each mounted upon a little car so as to move 
readily upon a smooth table. We attach to each car a small 
spring balance and tie the balance to a rod by which we pull 
the blocks quickly along the table. The result will be that, 
while all the blocks have practically the same acceleration, the 
balances will indicate by their stretch the kinetic reactions, 
that is, the relative masses, of the various substances. In this 
case, the acceleration being the same for all, the force is directly 
proportional to the mass. 

If, on the other hand, the blocks with their cars be placed 
upon a smooth table and be struck equal blows, as from a spring 
hammer, then the accelerations produced in the various blocks 
will afford a measure of their relative masses. The cork block 
would move off rapidly, the aluminum more slowly and the lead 
would scarcely be moved at all. We should conclude that the 
lead contains the most matter, the aluminum next, and the cork 
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least. In this case the force is kept constant, and the accelera- 
tions var}^ inversely as the masses. 

20. Newton's Third Law of Motion. The third law of motion 
states that 

" To every action there is an equal and contrary reaction^ or the 
mutual actions of two bodies are equal and opposite.^'' 

In explanation of this law Newton adds, " Whatever presses 
or draws another body is pressed or drawn to the same extent 
by that body. If one press a stone with the finger, the finger 
is pressed by the stone. If a horse pull on a stone by a rope, 
the horse is pulled equally toward the stone ; . . . and to the 
extent that the forward motion of the one is aided the forward 
motion of the other is impeded." 

This law expresses the two-sided nature of every force. 
Force is always due to the mutual action of two bodies, the 
action of the one being equaled by the reaction of the other. 
This amounts to saying that forces always occur in pairs. 

Again no force can be exerted unless there be some resistance 
to overcome. There can be no action unless there be something 
to act upon which will, in its turn, react. The athlete prefers 
to jump from a slab of stone ; he cannot "rise " from a pile of 
straw or a heap of cushions. For the same reason it is tiresome 
to walk in melting snow or loose sand. 

If motion ensue as the result of the action of two bodies, then 
the law expresses the equality of the resultant motions ; that 
is, if a force confer upon the masses m and w', velocities of 
V and v\ then the law states that their momenta are equals or 

mv = m'v' (34) 

Illustrations of this law are manifold. The explosive force 
of the powder drives the ball from the cannon ; the two are 
shot apart, moving with velocities inversely as their masses. 
The recoil or "kick" of a gun is the greater the more nearly 
the masses of gun and projectile are made equal to each other. 

The screw of a ship drives the water backward with a velocity 
as many times greater than the forward velocity of the vessel, 
as the mass of water moved is less than that of the vessel. 
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Boats have been propelled by machinery which pumped water 
in at the bow and expelled it in a small stream under high 
velocity at the stern. Again, the blades of the propeller of an 
aeroplane are much longer and rotate at a much higher speed 
than those of the propeller of a boat, since the volume of air to 
be displaced is much greater than the corresponding volume of 
water needed to furnish an equal reaction. The motions of fish^ 
in the water, and of birds in the air, the ascent of skyrockets 
and the action of rotary lawn sprinklers are all explained in 
accordance with Newton's third law of motion. 



CHAPTER III 

T7PES OF MOTION 

21. Uniform Motion. The simplest type of motion is uni- 
form motion. In the case of rectilinear motion the linear 
velocity v remains constant; that is, the space traversed in unit 
time and the direction and sense of motion all remain un- 
changed. Equal spaces are described in equal times. Tlie 
acceleration is therefore zero. We may, from these conditions, 
write down the equation of uniform motion from definition. 
We have 

- = v = constant (35) 

whence s = vt (36) 

Similarly, if a body rotate uniformly about an axis, then a 
straight line drawn from the axis to any point in the body may 
be conceived as sweeping out angle about the axis at a uniform 
rate. If the period^ or the time needed to describe a complete 
revolution, be T sec, then the total angle swept out in that 
time is 2 TT radians, and the time rate of generating angle is 

^ = - (37) 

where © is called the angular velocity. In uniform rotation the 
angular velocity is a constant. Hence if any angle be de- 
scribed in time f, then the angular velocity to is defined by 

the equation 



- = 6> = constant (38) 

whence the equation for uniform rotation becomes 

e^tot (39) 

23 
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These conditions for uniform motion, whether linear or angu- 
lar, involve the permanence of any motion once set up, and the 
absence of any force to maintain it. 

22. Uniformly Accelerated Motion. In the case of uniformly 
accelerated linear motion the body moves with a constantly and 
uniformly increasing or decreasing velocity. It passes over 
unequal spaces in equal intervals of time. The velocity is no 
longer constant, but the acceleration^ or the rate at which the 
velocity changes, is constant. Hence we may write 

"" Q = a = constant C'iO) 

The force producing uniformly accelerated motion is also a 
constant force^ since 

F= Ma 

in which both il!f and a are constant. 

From equation (40) we see that v, the velocity at any time 
f, is 

v=iVQ-{- at (41) 

or the final velocity v is equal to the initial velocity v^, plus 
the change in velocity acquired in time t. 

The average velocity v' during this interval of time is, of 
course, 

yf ^ ?!jtJ!Q (42) 

where v' denotes the constant velocity at which the body would 
have described the same space in time t. The expression for 
the space described is readily found from equation (36) ; thus 
we have 

s^v't^ ?^L?!q . t (43) 

or, replacing v by its value from equation (41), we have 

» = V+^ (44) 
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Finally, combining equations (40) and (43) to eliminate f, 

we have 

t;a = v^a -h 2 a« (45) 



It is further to be noted that the acceleration may be either 
positive or negative ; in the latter case the acceleration and the 
motion are oppositely dii'ected, and the acceleration becomes a 
retardation. In their general form the equations of uniformly 
accelerated motion become 

V = Vq ± at 

« = V ± Y (46) 

v^ =s v^ ±2a9 

23. Freely Falling Bodies. In the case of a freely falling 
body equations (46) become, on substituting for the general 
acceleration a, the acceleration due to gravity (^ = 980 cm 
per second per second), 

V = VQ±gt 

* = V±f (47) 

In case the body start from rest, v^ is zero, and all terms con- 
taining it disappear, hence 

v=^gt 

s^f (48) 

^ = 2gs 

It is to be noted that in case of a body starting from rest the 
velocity is proportional to the time, the space described is pro- 
portional to the square of the time, and the space described in 
the consecutive seconds varies as the odd numbers 1, 3, 5, 7, 
etc., as may be readily shown. 

If a body be thrown vertically upward with an initial veloc- 
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ity Vq^ the motion and the acceleration are oppositely directed 
and the lower sign is to be used in equations (47). The time 
of ascent and the height to which a body thrown vertically up- 
ward will rise are found by setting the final velocity, v = 0, the 
value it assumes at the highest point. Then we have 

t = ^ (49) 

^ 

s = ^/ (50) 



These values of t and 8 are the same as would be required to 
produce a velocity v^, in the case of a body falling freely from 
rest. 

24. Diminished Acceleration. Atwood's Machine. If we wish 
to study the laws of a falling body experimentally, it is neces- 
sary to reduce materially the acceleration, as otherwise the 
motion is much too rapid to permit of accurate observation. 
This may be done in several ways. For example, the force of 
gravity acting upon a small mass may be applied to one or 
more large masses as well, in which case the resultant accelera- 
tion is correspondingly diminished. Thus suppose that a body 
of mass i!f be placed upon a perfectly smooth, horizontal table 
and have attached to it a light flexible cord passing over a 
smooth peg at the end of the table, and that from this cord 
there be suspended a small mass m. In this case the stretching 
force in the string will be that due to the weight of the mass 
m while the system is at rest, and this force will produce motion 
in the two masses M and m. If we denote the resulting 
acceleration by a, we may equate the two expressions for the 

force as follows : 

mff = (M+ rn)a (51) 

whence ' - 

a = — ^^ a (52) 

In this way the value of a may be made what we will, and 
the motion rendered so slow as to allow us to study it at 
leisure. 
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In Atwood^9 machine the light flexible cord passes over a light 
wheel having a groove in Its rim and mounted upon " friction 
wheels" so as to turn as freely as possible. Two equal masses 
Ml and M^ are hung to the ends of the cord and ace in equi- 
librium in any position. If now there be placed upon one of 
the masses a small rider of mass w, then the resultant motion 
of the system is due to^ the force of gravity upon this small 
mass alone. If we set iff equal to the combined masses M^ and 
ilSfg, and neglect friction and the effect of the light wheel, we 
may compute the resulting acceleration a at once from equa- 
tion (52), and verify the result by actually observing the spaces 
passed over in one, two, three, or four seconds respectively. 
In case the rider be removed at any time, the acceleration be- 
comes zero from that instant, and the motion becomes uniform 
motion. By means of special devices this may be accomplished 
and the machine may be used to verify all the conclusions 
represented in equations (48). 

25. Motion on an Inclined Plane. The inclined plane is an- 
other device for reducing the 
effect of gravity. Suppose a 
particle of mass m to slide with- 
out friction down a plane AB 
(Fig. 8), making an angle <f> with 
the horizon ; it is required to find 
the equations of its motion. It 
is to be observed that the accel- 
eration due to gravity effective 
in producing motion down the plane is the component parallel 
to the surface of the plane. This component is readily found 
by projecting g upon the plane (Art. 11). The effective com- 
ponent is seen to be g cos (90° — <^) or ^ sin <^, and the equa- 
tions of (47) become 




Fig. 8. 



v = VQ±gsii\,^t 
. , AT sin <fcf2 

t;2 = t^Q^ -t 2 ^ sin <^« 



(53) 



r^ 



^■■'^''^< -''.-/. 
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Substituting for sin <^ its value h/l, and setting Vq = 0, and 
8 = 1^ in the last equation of (53) we see that 

or the velocity acquired by a body starting from rest and slid- 
ing down the plane is the same as that which it would have 
acquired falling through the vertical height h. 

26. Uniform Circular Motion. A material particle describ- 
ing circular motion at a constant speed is yet under the action 
of a constant force, since the velocity changes at every instant, 

not in magnitude but in 
direction. 

In uniform circular 
motion, therefore, there 
exists at every instant an 
acceleration toward the 
center. The value of this 
acceleration is readily 
calculated. Thus, in Fig. 
9, a particle performing 
uniform circular motion 
describes the arc AB in 
time ^, with a speed v. It 
has in the same time been 
deflected from a straight 
line AD^ through the dis- 
tance AE^ or AE is the 
space described due to the constant force acting toward the 
center. If a be the acceleration toward the center, then 




AE^^^ 
2 



(54) 



and AB = vt (55) 

since the motion is uniform. 

If now the arc AB be taken very small, it will dififer but 
little from a straight line, and the two triangles ABE and ABO 
are similar ; hence 
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or AI^ = AI!AC (57) 

whence v^ = ^ .2r (58) 

or a = - (59) 

If T be the time of a complete revolution of the particle in 
the circle, then 

^=-y- (60) 

and a= -—g" (61) 

whence a = cdV (62) 

27. Applications of Uniform Circular Motion. We have seen 
that in uniform circular motion a constant force is needed to 
keep the particle from flying ofif on a tangent. The force is 
termed centripetal force^ and its measure is the product of the 
mass times the acceleration, or 

F=:m^ (63) 



The tendency of the particle to fly off, or the reaction of the 
particle against being pulled out of a straight line, is called 
centrifugal force^ and its measure is also m^ Jr. These two 
so-called forces are in reality but the two aspects of a stress^ the 
one being the action of the moving mass, tending to move in a 
straight line, and the other the reaction of the center. 
*" Examples of applications of these forces are seen in the 

action of a boy's sling ; in the tendency of a bicycle rider to 
fall when turning a corner sharply while riding at full speed ; 
and in the necessity for raising the outer rail in railway curves. 
The shape of the earth is an example of this action on the 
plastic mass of the earth while in rotation. Other applications 
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of this principle are seen in machines for drying clothes ; for 

separating honey from the honeycomb, or molasses from sugar. 

Cream separators, blood testers, lawn sprinklers, and the mechan- 

, ical governors on steam engines all illustrate the same principle. 

28. Simple Harmonic Motion. Fundamental Ideas. If from 
some solid support we suspend a spiral spring, in front of a 

mirror scale, and to the lower end of the 
spring attach a pan containing a small lead 
ball (Fig. 10), we shall find that the system 
will soon come to rest at some point whose 
position may be accurately read off on the 
scale by means of the pointer. If now there 
be placed in the pan masses of 1, 2, and 4 
grams each, and the successive readings of 
the pointer recorded, it will be found that 
the displacement of the pan from its position 
of rest for 4 grams is twice the displace- 
ment for 2 grams and four times the dis- 
placement for 1 gram. In short the 
displacement is directly proportional to the 
force applied. Again, since the restoring 
force of the spring exactly balances the weights applied to it, it 
follows that for a given elongation, the restoring force is pro- 
portional to the displacement of the moving system, and since 
the mass of this system is constant, it also follows that the ac- 
celeration due to this force must be proportional to the displace- 
ment. 

If, on a pair of rectangular axes XX' and TY' (Fig. 11), 
we let represent the position of rest of the system, we may 
represent the downward displacements by spaces laid off on the 
-pesttivB axis of a;, or (?X, and upward displacements by corre- 
sponding spaces on OX'. Then if x represent the displacement 
of the system from at any time^ and a^ be the acceleration 
along the axis of a;, we may express the relations described 
in the previous paragraph by the equation 




Fig. 10. 



a^ = -(j 



X 



(64) 



t 
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where the constant c represents the constant ratio between the 
acceleration a^ and the displacement x. The negative sign 
denotes that the acceleration is alwat/8 opposite in sense to the 
displacement. Thus if the displacement of the spring be doum- 
ward or positiv^ then the acceleration due to the recoil of the 
spring is^^cmvejOT upward^ and vice versa. 

If now we pull down the system till the displacement x reach 
any value, say 10 cm, and then release it, w:e shall have a regular, 
periodic, vibratory 
motion in a vertical 
line, above and be- 

•4 

low the point li 10 9 Q 7 6 5 
(Fig. 10). The X'lE  ;  » O + +— ^. 

system in its vibra- ,. jl^ . 

tory motion traces | 

the path OXOX'O F' 

in the order indi- ^^^- "• 

cated. Such a motion is a simple harmonic motion. In simple 
harmonic motion the acceleration is proportional to the displace- 
ment from the position of rest and directed toward that portion. 

The maximum displacement of the system from the point 
is called the amplitude a, of the vibration. The time elapsing 
between two successive passages through the same point in 
its path in the same direction is called the period T of the 
vibration. 

If it were possible to take snap-shot photographs of the body, 

T 

every q- sec during its entire vibration, the body would be 

16 
seen at the points indicated by the figures on the axis, in the 
order shown by the arrows. 

From the figure it is clear that the velocity of a point execu- 
ting simple harmonic motion, is directed half the time in one 
direction and half the time in the other. Also that the velocity 
is a maximum at 0, and zero at Xand XV while the- cK«pfti<7^- 

meints^ Lhe sue&essive equal vntervals <y{ trme,* — sec, counting 

16 

Icom-O (Plf?'' il)^ are f^proximately propoptional-W 4?b e nu m- 
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In order to locate completely at any instant of time a body 
describing simple harmonic motion it is necessary to know the 
time which has elapsed since the body passed some fixed pointy 
going in a definite direction. This elapsed time is called the 
phaie of the motion, and is usually counted from the instant 
the body passes the position of rest 0, going in the positive 
direction. 

Examples of simple harmonic motion are seen in the vibra- 
tions of the prongs of a tuning fork, of guitar strings or of a 
pendulum bob, if the amplitude be small ; other examples of 
approximately this form of motion are found in the motion of 
the piston rod of an engine, of the shuttle of a sewing machine 
or of the sickle of a reaping machine. Simple harmonic 
motion is the most important type of motion to be studied, as 
it finds its applications in sound, light and electricity as well 
as in mechanics. 

29. Circle of Reference and Definitions. Simple harmonic 
motion may also be regarded as the apparent motion of a point 
describing uniform motion in a circle, when viewed at a great 
distance from the circle and in the plane of the circle. The 
apparent motion of the moons of Jupiter is a simple harmonic 
motion. These little bodies revolve about the planet in orbits 
nearly circular, and their motion as seen from the earth is an 
oscillatory motion about the planet as a center. 

For purposes of study, simple harmonic motion is usually 
treated in connection with the related case of uniform motion 
in a circle. Thus if we consider a point moving uniformly 
round a circle (Fig. 12), in the direction of the arrow, then the 
projections of the point upon any diameter of this circle will 
represent a simple harmonic motion, upon that diameter. The 
projection wiU describe a complete to-and-fro vibration upon 
the diameter, while the point on the circumference describes a 
complete revolution. 

Thus while the point on the circle moves from o' through (7', 
5', A\ to X, its projection falls successively upon 0, (?, 6, a, 
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and comes to rest for an instant at X, It then retraces its 
path to as the point passes round to o. The point on the 
circle has described half a circumference and its projection has 
made half a yibration. As the point passes on through 2), E^ 
F^ to X', its projection 
swings through rf, «, /, 
reaching the limit of its 
motion in X\ and return- 
ing completes the second 
half of its vibration as the 
point passes through F\ 
^,2)', back too'. Tbecir- 
cleupon a diameter of which 
the simple harmonic vibra- 
tion is supposed to occur is 
called the circle of reference. 
The amplitude of the vi- 
bration, that is, the maximum displacement from the center, 
now becomes the radius of the circle of reference. The period 

of the vibration, or the time re- 
quired to make a complete to- 
and-fro vibration, now becomes 
the time required for the moving 
point to make a complete revo- 
lution in the circle. 

Phase is that fraction of a 
period which has elapsed since 
the moving point last passed 
through the position of rest in 
the positive direction. Phase 
may be expressed either in time, 
or in an angle which varies as the time. 

30. Phase Relations. If <» represent the angular velocity of 
the radius vector OP (Fig. 13), then 

is the angle swept out in time t. 

D 
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The angle 6 is called the time angle^ i.e. the angle swept out 
in time f, if time be counted from the instant the point P 
passes through X, In the case of motion on the axis of y, it 
is also the phase angle, since by definition, phase is measured 
from the instant at which the point P passes X, or its projec^ 
tion on the axis of y passes through (7, in the positive di- 
rection. 

For the same reason it is to be observed that in the case of 

motion on the axis of a;, phase 
must be measured from the 
radius CY\ since the point 
P is at T^ when its projec- 
tion «, on the axis of x^ 
passes through going in 
the positive direction. In 
this case the phase angle 
is F'CP, or ^+90. This 
shows that uniform circular 
motion is equivalent to two 
simple harmonic motions at 
right angles to each other, 
of the same period and am- 
plitude, and differing in 
phase by 90°, or a quarter of a period. 

Again if we should begin to count time from some other 
point, as E (Fig. 14), then for the motion on the axis of y 
the time angle is JEOP^ while the phase angle is XOP as 
before, or (^ — e). For the motion on the axis of x the time 
angle is ECP^ but the phase angle is T^CP as before, or 
(^-1- e'). The angles e and e' are called the epoch angles. The 
epoch angle is the angular difference between the time angle 
and the phase angle, or it is the angle which must be added 
to or subtracted from the time angle to produce the phase 
angle. 

It is further to be noted that while e and T are constant for 
any specific case, the time angle 6 grows continuously from 
0° to 2 TT while t grows from to T. 
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31. Equations of Simple Harmonic Motion. In order to de- 
scribe in mathematical terms the behavior of a point executing 
simple harmonic motion it is 
customary to express its dis- 
tance from the position of 
rest in terms of an angle that 
varies as the time. Thias ^if 
CX or CY (Fig. 15/ rep- 
resent th^ amplitude >r, then 
the morons of the points « 
and «'/ are completely de- 
/crib^d if we write 



a:=r sin TOP 
y = r sin XCP 



or 




(65) 

a; = rsin (^6 -{-^^ 
y = r sin (0 — c) 



(66) 



As a special case we may assume the point E to coincide 

with X, then = XCP, c = 0, and e' = 90% and equations (66) 

become 

a; = r cos 6 ^^^^ 

y = r sin ^ 
Again, since the acceleration in uniform circular motion is 

4 ttV 



a = 



ya 



Rud' directed toward the center, we have by projection upon the 
axes of X and y, the following expressions for the accelerations 
along these axes respectively : 

47rV 



«x = - 



ay =- 



4 ttV 
y2 



. cos = — ft)V • cos 



• sin ^ = — afir • sin 



(68) 



The negative sign denotes that the acceleration is always 
opposite in sign to the displacement. Equations (68) show 
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that the acceleration along the axis of 2; is a maximum when 
that along the axis of y is 0, and vice versa^ since the one varies 
as the sine and the other as the cosine of the same angle. 

If we substitute in equations (68) the values of sin and 
cos 0^ we have 

47rV X 47r2- x 



tt« = — 



ay = - 



X 

r 



y2 y rp2 

47rV y _ 477^ » 



= — /afl: 



cD-a; 



*Ls= —u?y 



(69) 



which shows that the acceleration along the the axis of x is pro- 
portional to x^ and that along the axis of y is proportional to y, 

or that the acceleration is pro- 
portional to the displacement. 
This is the characteristic of 
simple harmonic motion. 

32. Velocity of a Point ex- 
ecuting Simple Harmonic Mo- 
tion. The velocity of a point 
executing simple harmonic 
motion may be readily calcu- 
lated. Let F (Fig. 16) be 
the moving point, and let P V 
represent its velocity in the 
circle. Then F^ and F^, the 
component velocities parallel 
to the axes of x and y, are found by projection as usual, and we 

F^ = - Fcos (90^- ^) = - Fsin 6 (70) 




Vy = Fcos 



But Fis the velocity in the circle, and is therefore 



27rr 



Tr 2 Trr . /i 
Fl = — - • sin u 

* rp 



jr 2 7rr /, 

F„ = -;=- • cos u 

V rp 



hence 



(71) 



From equations (71) it appears that the velocity along the 
axis of a; is a maximum when the velocity along the axis of y 
is zero, and vice versa. Also from comparison with (68) we 
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see that when the velocity along the axis of a; is a maximum, 
the acceleration along x is zero; this means the velocity is 
greatest at the middle of the swing where the acceleration is 
zero, and zero at the end of the swing where the acceleration 
is greatest. 

It should also be noted that since the angular velocity co is 
a constant, the time of a vibration, 7, is also a constant, and 
the vibrations of a body executing simple harmonic motion are 




.A 



Fig. 17. 

€Ul performed in the same time^ and are independent of the ampli- 
tude. Such vibrations are said to be isochronous. This is seen 
in the constancy of the pitch of the musical note from a string 
or tuning fork, as the vibrations die away. This characteristic 
of simple harmonic motion is of high importance in the theory 
of the pendulum, in acoustics and optics. 

33. The Curve of Sines. An important aid to the study 
of simple harmonic motion is found in the graphical method, 
whereby the moving body is made to trace its path upon some 
recording surface. In such cases the simple harmonic motion 
is compounded with a uniform motion in a straight line and the 
resultant curve is called a sine curve. Such a curve is readily 
constructed as follows: Divide each quadrant of the, circle^ 
(Fig. 17) into four equal parts, each of which will thus cor- 
respond to the distance passed over by the point moving in the 
circle, in one sixteenth of a period. From the points of divi- 
sion drop perpendiculars to the x diameter; these perpendicu- 
lars will then denote the displacements of the point executing 



^/ ) 



^v 
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simple harmonic motion on the y axis, at the ends of the suc- 
cessive intervals of time, and are therefore proportional to the 
sines of the angles swept out in ?yi6, 2 2yi6, 3 7/16, etc. 
Next lay off on the x diameter produced a series of ecpkcH 
lengths to represent the spaces described in the %ame intervals^ 
due to the uniform motion^ and beginning at M^^ erect perpen- 
diculars equal to the y displacements at the corresponding times. 
Finally sketch a smooth curve through the extremities of these 
perpendiculars and the sine curve is the result. 

Such a curve is readily obtained by allowing a tuning fork 
to trace, with a fine style, its vibrations upon a sheet of smoked 
glass or paper. The time interval between Mq and Mi corre- 
sponds to a half period, or the points at JtfJ^*and Mi differ in 
phase by half a period, while the points at M^ and M^ are in the 
the same phase. 

The distance MqMi is a haif wave lengthy and M^M^ is a com- 
plete wave length, where a wave length denotes the distance the 
wave form has run forward in a single period T. Hence we 
have the important relation 

X = rr (72) 

where X denotes the wave length, V the velocity of the wave 
motion, and T the period of the simple harmonic vibration. 

Problems 

1. A body has a velocity of 60 mi an hour. Find its velocity in feet 
per second, and in centimeters per second. 

2. A body starts with a velocity of 640 cm per second, and in 10 min 
has a velocity of 3428 cm per second. Find the acceleration. 

3. A mass of 5000 g moves with a velocity of 4 m per second. Find 
its momentum. 

4. A mass of 600 g starts from rest and in 6 sec has a velocity of 36 
m per second. Find the force. 

5. A vessel contains 400 cc of sulphuric acid, density 1.8 g per cubic 
centimeter. Find the mass of the acid. 

6. Detroit is 38 mi from Ann Arbor. How long will it take to travel 
this distance at the rate of 5 km per hour? 

7. Express a mass of 65 lb in grams ; a weight of 65 lb in dynes. 
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8. What force will in 10 min give a mass of 700,000 g a velocity of 
124,000 cm per second ? 

9. What is the force of gravity on a body whose mass is 700 lb ? 

10. Find the mass of 465 cc of lead. 

11. A wire guy rope, the stretching force on which is 12 x 10® dynes, 
makes an angle of 60*^ with the horizon. Find the vertical and the horizontal 
components of the stretching force. 

12. Find the acceleration produced upon a mass of 4 g by a force of 
36 dynes. 

13. A force of 60 dynes acts upon a body for one minute and imparts to 
it a velocity of 900 cm per second. Determine the mass of the body. 

14. An engine draws a cage of mass 3000 kilos up a shaft at a uniform 
speed of 10 m per second. Find the stretching force in the rope. 
What is the stretching force if the cage move with a uniform acceleration 
of 10 m per second per second ? 

15. An elevator starts to descend with an acceleration of 300 cm per 
second per second. Find the apparent weight on its floor due to a man whose 
mass is 75 kilos. What would be his weight with respect to the elevator, if 
it started to ascend with the same acceleration ? 

16. A steamer whose velocity in still water is 6 mi an hour starts 
directly across a stream whose velocity is 10 mi an hour. Find the veloc- 
ity of the steamer in crossing; also when it makes an angle of 30° with the 
current down stream. 

17. A gun of mass 3000 kilos, placed upon a smooth horizontal plane, 
discharges a ball of 30 kilos mass at an elevation of 30° to the horizon. 
Find the velocity of the gun's recoil in terms of velocity of the ball. 

18. An inelastic mass of 900 kilos moving with a velocity of 30 m per 
second meets another equal and similar mass moving in the opposite direc- 
tion, at 10 m per second. Find velocity of total mass after impact. 

19. A certain force acts upon m units of mass, and at the end of a second 
the mass is moving at the rate of 32 ft per second. What velocity would 
be produced in 32 units of mass by the same force, in the same time? 

20. How many dynes are required to give a mass of 50 kilos a velocity of 
12 m per second, the force being supposed to act for exactly one second ? 

21. How many dynes are needed to give a gram a velocity of 9.81 m per 
second, if the force act for one second ? What if it act for two seconds ? 

22. A body falls freely from rest for 15.6 sec. Find the final velocity 
and the distance traversed. 

23. How long will it take a body to fall 650 ft, and what velocity will 
it acquire ? 
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24. A body is thrown downward with a velocity of 874 cm per second. 
Required its velocity and position at the end of 20 sec. 

25. A body is thrown vertically upward with a velocity of 827 cm per 
second. How long will it continue to rise, and how high will it rise ? 

26. A body is thrown vertically upward with a velocity of 697 cm per 
second. How long will it take to rise 195 cm, and what velocity will it 
then possess ? 

27. A ball is thrown vertically upward to a height of 150 ft. With what 
velocity did it leave the hand? 

28. A mass of 876 g is attached to a spring balance which is carried 
upward at such a rate that the balance indicates 932 g. What is the acceler- 
ation of the motion ? 

29. A mass of 162 kilos hanging by a perfectly flexible cord drags a mass 
of 973 kilos along the top of a smooth table. What is the acceleration of 
the system, and what is the stretching force in the cord ? 

30. Two masses of 100 g each are hung by a flexible cord over a fric- 
tionless pulley. A mass of 10 g is placed upon one of the 100 g masses. 
Required the acceleration of the system and the stretching force in the cord. 

31. Masses of 938 and 762 g respectively are hung by a flexible cord 
over a frictionless pulley. How far must the masses move in order to 
acquire a velocity of 325 cm per second ? 

32. A body slides down a smooth plane 326 cm long, inclined at an 
angle of 45° to the horizon. Find the time of descent and the velocity with 
which it reaches the bottom. 

33. A mass of 200 g is constrained to move in a circle of 600 cm radius 
with a velocity of 240 cm per second. What is the centripetal force and 
the period of revolution ? 

34. The distance of the moon from the earth is 3.84 x 10^^ cm, and the 
lunar month is approximately 27 da and 8 hr. What is the acceleration 
due to the earth's attraction at the moon ? 

35. If a skater describe a circle of 100 ft radius with a speed of 20 ft 
per second, find the inclination of his body from the vertical in order that 
he may maintain his equilibrium. 

36. If the equatorial radius of the earth is 3963.3 mi, find the time of 
rotation necessary for a body at the equator to weigh nothing, assuming 
g = 981 cm per second per second for the earth at rest. 

37. A mass of 1 g moves uniformly round a circle 40 cm in diameter at 
the rate of 24 revolutions a minute. Compute the force toward the center. 

38. A mass of 1 g executes simple harmonic motion with an amplitude 
of 4 cm and a period of 0.5 sec. Find the force toward the center when 
the phase is 774, T/S, and 772, respectively. 
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39. Show that the spaces passed over, starting from the center, by a body 
executing simple harmonic motion, in the successive time intervals T/16, 
are approximately proportional to 4, 3, 2, and 1. 

40. A horizontal shelf moves vertically with simple harmonic motion, 
with a period equal to one second. Find the maximum amplitude it can 
have 80 that objects resting upon it may remain in contact with it at its 
highest point, g = 980 cm per second per second. 



CHAPTER IV 

WORK AND ENERGY 

34. Work. Work consists in changing a state of motion or 
a state of stress, in opposition to forces tending to resist such 
an effect. 

Examples of work are seen (a) in the starting of a heavy 
car upon a smooth, level track ; (6) in the compressing of a 
gas into a cylinder; (<?) in the pumping of water into an 
elevated reservoir ; (rf) in the winding of a watch ; (e) in the 
charging of a storage battery ; (/) in the action of gravity 
upon a system composed of a wheel and axle, to which is 
attached a heavy weight by means of a cord wound round the 
axle. 

When a body moves in the direction of the force acting 
upon it, the force is said to do work upon the body in giving 

it motion, as in the case of a freely 
falling body ; if the motion be in op- 
position to the force, work is said to be 
done upon the body against the force, 
in giving the body a change in condi- 
tion, or putting it in a state of stress ; 
an example of this is seen in com- 
pressing gas into a cylinder. 

The measure of work done is the product of the force into 
the distance, in the direction of the force, or 

W=F8 (73) 

If the motion take place in a line inclined to the direction 
of the force worked against, the effective displacement is found 
by projection, and the work is the product of the force into the 
effective displacement. An example of this is the work done 
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against gravity in moving a body up an inclined plane. Thus 
the force F (Fig. 18), in working over the distance « = AB, is, 
in reality, lifting the mass through the distance CB. The 
effective displacement is therefore the vertical component of «, 
or % cos ^, and in this case the work is 



therefore 



F = mg cos ^ 



(74) 
(75) 



where ^ is the angle between the direction of the motion and 
that of the force. 

The G. G. s. unit of work is the erg. An erg is the work 
done by a force of one dyne acting through a distance of one 
centimeter ; or unit work is done by unit force acting through 
unit distance. The force exerted by gravity upon a gram mass 
is 980 dynes. Therefore, to lift a gram mass one centimeter 
against gravity would require 980 ergs. 

Since the erg is a very small unit, the joule = 10^ ergs is 
generally used. 



The dimensions of work are 



/ 



1 



[Jfir-2 X Z]= [Jfi22-2], 






WUIi^-^^^^-^fL^^^^^^g 



1 



35. Work done by a Gas expanding under 
Constant Pressure. Let a mass of gas (Fig. 
19) be inclosed in a cylinder, furnished with a 
frictionless piston of area a and mass m. Equi- 
librium will be established when the internal 
pressure of the gas just balances the external 
pressure, or when the upward force due to the 
stress in the gas equals the weight of the at- 
mosphere upon the piston plus the weight of the piston. This 

force is 

F^Ba + mg=.Pa (76) 



where B is the atmospheric pressure, and P the pressure on 
the gas. 

If now the gas be heated, it expands and pushes the piston 



Fio. 19. 
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forward through a distance L The work done by the gas is 
therefore 

Work = Fl = Pal = Fv (77) 

where v is the change of volume produced. 

The work done by a gas, expanding under constant pressure, 
is thus equal to the product of the pressure and the increase 
in volume. Conversely, if a constant pressure P produce a 
decrease v in the volume of a gas, the product Pv is the work 
done upon the gas. 

In general the pressure of a gas is not constant while it is 
being compressed, but increases with the compression. In this 
case the above equation can be applied only for very small 
compressions during which the pressure may be assumed to 
remain constant. 

36. Power. It is to be noted that the expression for work 

W=^ Fs 

contains no element of time. The same work is done in lifting 
a bag of grain to the top of a building, whether the work be 
done in an hour or in a month. Power involves the idea of the 
rate at which work is done, and may be defined as the time rate 
of doing work. Hence 

Power^eP = ^ = ^^^- (78) 

The dimensions of power are [iffi^T"^]. 

The c. G. s. unit of power is the watt, A watt is the power 
which will do 10,000,000 ergs, or 1 joule, in one second. The 
practical unit of power is the kilowatt, or one thousand watts. 

The English unit of work is the foot pound ; that is, the 
work done in lifting a pound one foot high against gravity. 
The corresponding unit of power is the horsepower, which 
denotes the power to do 33,000 foot pounds of work per minute, 
or 550 foot pounds per second. 

One horse power is equal to 746 watts. 

37. Energy. Whenever work has been done upon a system 
in producing a change either in its motion, its position or its 
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molecular condition^ the system has acquired the capability of 
doing work in turn. 

Energy is the capability of doing worh^ possessed by a system 
by virtue of work having been previously done upon it. This 
is seen to be true of all the cases already cited (Art. 34). 
The car, once set in motion, can do work by virtue of that 
motion and to the extent of that motion ; the wheel and axle 
and the falling weight each possesses energy, the one by virtue 
of its motion of translation, and the other by virtue of its 
motion of rotation ; the gas compressed in the cylinder or the 
coiled spring of a watch each possesses energy due to a stress or 
a tendency to return to a former state. The water in the 
reservoir possesses energy due to gravitational stress; the 
chemical elements in a storage battery, having been separated 
by the electric current, now tend to reunite and thus possess 
energy due to chemical stress. 

Energy is thus seen to exist in one of two distinct forms : 

(a) Energy of Motion, or Kinetic Energy ; 
(6) Energy of Stress, or Potential Energy. 

If we do work upon a system, we increase its energy, since 
we transfer energy from our bodies to the system. The sum 
total of energy in the system working and the system worked 
upon is at all times a constant quantity. When work is done 
by one system upon another, both kinds of energy are present, 
and there is a transfer of energy from the system working to 
the system worked upon. Hence to do work is to transfer 
energy from one system to another. 

It is to be noted that whenever the motion is with the force, 
the motion of the system is increased and the system gains in 
kinetic energy, as in the case of a freely falling body. When 
the motion is against the force, kinetic energy is changed into 
potential, as in the case of a body thrown vertically upward. 

Strictly speaking the system working is able to transfer only 
its available energy to the system worked upon. The working 
system may possess energy in the form of heat that is unavail- 
able for the purpose of doing useful work. In the same way 
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the system worked upon may receive energy from the system 
working in the form of heat, which escapes later, and is no 
longer available as energy in the system worked upon. 

38. Expressions for Energy. Since by definition a system 
possesses energy only by virtue of work done upon it, the unit 
of energy is the same as the unit of work, the erg.- The dimen- 
sions of energy are the same as those of work, \MI?T'^']. 

Potential energy is stored up work, and its expression is 

W—Fb — Mas = Potential Energy. (79) 

To express the kinetic energy of a body in terms of its mass 
and velocity, we need to remember that we have a force F^ act- 
ing through a space «, and the expression for kinetic energy may 
be deduced in a number of ways. Thus, if a mass m be acted 
upon by a force F^ for a time ^, during which it receives an 
acceleration a, it will pass over a space 

« = J at\ 
and acquire a velocity 

t; = at. 

Then the work done by the force will be 

Tr=F« = ^.^' = ^^' = ^' (80) 

2 2 2 ^ "^ 



or 



Again, since 
we may write 



Kinetic 


Energy 


2 




t;2=: 


2a9 




ywv2 = 


2 mas 



(81) 



or 



(82) 

——- = mas =z Fs== Kinetic Energy 

Finally we may deduce the same expression from funda- 
mental definitions. Thus, the impulse is equal to the force 
into the time during which the force acts, or 
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Impulse = Ft = mv — mVq (83) 

also the mean velocity r', is 

v' = '- = '-±^ (84) 

whence, combining (83) and (84), 

F» = ^-^ (85) 

This last expression states that the work is equal to the 
change in kinetic energy produced, and is a more general expres- 
sion for the work done upon a body. By setting Vq equal to 0, 
we have 

K.E. = 'T^ 

as before. Since kinetic energy like work is a scalar quantity 
and therefore independent of direction, we may substitute speed 
for velocity in the above formula. 

39. Transformations of Energy. Transformations of energy 
occur on every hand. An excellent example is seen in the 
motion of a pendulum bob. At the highest point of the swing 
its energy is all potential, at the lowest point it is all kinetic ; 
at intermediate points it is partly kinetic and partly potential. 
Were it not for the slight loss of energy in overcoming the 
resistance of the air and the stiffness of the cord, this trans- 
formation would go on forever. 

Consider also the transformations of energy presented in the 
consumption of coal in the furnace of a steam boiler. The 
coal supply of the world represents the largest available source 
of potential energy and is simply the stored up sunshine of 
geologic ages. When the coal is burned in the furnace, this 
energy becomes kinetic in the form of heat, it appears as kinetic 
energy in the molecular motions of the water particles in steam, 
and as potential energy in the stress in the form of steam pres- 
sure on the boiler. In the steam engine the energy becomes 
the kinetic energy of the moving masses of the machinery and 
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belts, which in turn may be transformed into light, motion, 
electric current or energy of chemical stress, and finally into 
heat again. 

The transformation of energy from the potential to the 
kinetic form is always a perfect one^ in that all the potential 
energy appears as kinetic. On the other hand the transforma- 
tion from kinetic to potential is never perfect; some of the 
energy escapes as diffused heat and thus becomes unavailable 
for the purpose of doing useful work. 

Potential energy tends to become a minimum. If in any 
system, any one of the stresses acting be removed, a redistribu- 
tion of the energy occurs and the potential energy diminishes 
while the kinetic^energy increases. An example of this is seen 
in the bursting of a reservoir full of water. The reaction of 
the restraining wall being removed, the water is carried down 
hill by the force of gravity with increasing velocity. The 
kinetic energy is increased at the expense of the potential. 
Other illustrations are seen in the bursting of a soap bubble, 
in the concentration of a dewdrop into a sphere, and in the 
position assumed by any body free to move into a new position 
of equilibrium. The result in all cases is that the system is at 
rest only when the potential energy is as small as possible. 

40. Conservation of Energy. Throughout all the various 
transformations of energy it is to be noted that no body or 
system of bodies can acquire energy save at the expense of 
energy possessed by some other system. Hence we may say 
that to do work is to transfer energy from one system to an- 
other, and it seems certain, from the most careful experiments, 
that the amount of energy lost by the one system is the exact equiv- 
alent of that gained by the other. This means^that no machine 
or combination of machines can ever be made to return more 
energy than is given to it. Perpetual motion is a delusion. 
Physically it is impossible to get something for nothing. 
Everything must be paid for in terms of energy. 

Not only is it impossible to make a machine that will create 
energy, but no machine will ever return all the energy put into 
it. Owing to friction between the parts of the machine, some 
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energy is transformed into heat and rendered unavailable for 
doing useful work. It is not lost, since energy, like matter, is 
indestructible. 

The doctrine of the conservation of energy states that in a 
system so situated that it neither loses energy from tvithin nor 
gains energy from without^ the amount of energy is constant. No 
energy can be created, none can be destroyed. 

ProblemB 

1. How much work in ergs will be done by a force of 48 dynes acting 
through 24 cm ? 

2. What work will be required to lift 10 kg of water from a well 
12.5 m deep? 

3. The lower end of a ladder 16 m long stands on the ground at a dis- 
tance of 273 cm from a wall against which the upper end rests. How 
much work will be done in carrying 30 kilos up the ladder ? 

4. The diameter of the cylinder of a steam engine is 18 in and its length 
is 24 in. What work in foot pounds will be done at each stroke of the piston 
if the average pressure of the steam be 110 lb per square inch ? 

5. If the above engine make 100 strokes per minute, calculate the horse 
power it will develop. 

6. A shot of mass 2 kilos moving with a velocity of 200 m per second 
is just able to pierce a plank 4 cm thick. What velocity is required to 
pierce a plank 12 cm thick? 

7. A stone of mass 5 kilos is thrown vertically upward with a velocity 
of 25 m per second. Find its kinetic energy at the end of two seconds. 

8. A bullet of 100 g mass is discharged from a gun of mass 3 kilos, with 
a velocity of 400 per second. Compare the kinetic energies of bullet and of 
gun. 

9. A ball of 25 kilos mass moves with a velocity 4 m per second. Com- 
pute its kinetic energy. 

10. A man whose mass is 160 lb carries a hod and mortar of mass 75 lb 
from the ground to a scaffold 24 ft high, every 10 min. At what rate is this 
work done ? 

11. A standpipe 20 m high and 4 m in diameter is to be filled with 
water from a lake 8 m below the base of the standpipe. How long will it 
take a 10 H. P. engine to fill it ? 

12. A 100 gram mass is suspended from a spring balance which is carried 
in a balloon. What will be its apparent mass as shown by the index (a) 

B t 
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when the balloon is ascending with a uniform acceleration of 240 cm per 
second per second ? (b) when it is descending with an acceleration of 900 cm 
per second per second ? 

13. Two unequal masses are attached to the ends of a cord passing over 
a smooth peg. Find the ratio between them in order that they may move 
through 500 cm in two seconds, starting from rest. 

14. The upper end of a smooth straight wire of length 100 ft, is attached 
to a pole 48 ft high. A bead is allowed to slip along the wire from top to 
bottom. Find its velocity on reaching the bottom. Also time of descent. 

15. A ball thrown up is caught by the thrower 7 sec afterwards. How 
high did it go, and with what speed was it thrown ? How far below its 
highest point was it 4 sec after the start? 

16. The mass of a pendulum bob is 100 g, and the string is 1 m long. 
The bob is held so that the string is horizontal, and then allowed to fall. 
Find its kinetic energy when the string makes an angle of 30° with the 
vertical. 
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CHAPTER V 

MECHANICS OF A RIGID BOD7 

41, Motion of a Rigid Body. A rigid body is one that 
suffers no change of form as a result of the forces acting upon 
it. When force is applied to a rigid body that is free to move, 
the body will acquire motion of translation or of rotation, or 
of both together. The motion of translation imparted to the 
body is fully accounted for by the equation 

which shows that the acceleration imparted to the body will 
vary directly as the force, and inversely as the mass of the body. 
If the angular velocity of a body change, this change must be 
attributed to the action of a force. Angular acceleration is the 
time rate of change of angular velocity. If this angular accel- 
eration a be constant, then, by definition, we have 

— II — ^ = a = constant (86) 

If now a definite force be applied to a rotating body at any 
point, the resulting angular acceleration will vary greatly, 
according to the direction of the force and the distance of its 
point of application from the axis of rotation. Thus, in order 
to produce rotation, a force must have a component normal to 
the axis, and the farther its point of application is from this 
axis, the greater will be the angular acceleration produced. 
This change in angular velocity is due to the action of what 
is called the torque ^ or the moment of the force about the 
axis. Hence the torque, or moment of a force about any given 
axis, is that which changes, or tends to change, the state of 
rotation of the body with respect to this axis, and is measured 
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by the product of the force times the lever arm, or it is the prod- 
uct of the force into the perpendicular distance from the axis 



O 



P 



♦f 



Fig. 20. 



of rotation to the line of action of the 
force. Thus (Fig. 20) the moment 
of the force about the axis through 
is PF X OP, Moments or torques are 
termed positive or negative, according 
as they tend to produce rotation in 
the counter-clockwise, or clockwise 
direction. 

42. Resultant of Two Parallel Forces. Let J\ and F^ (Fig. 
21) be two parallel forces applied to a rigid body in the direc- 
tions a^a and Vh ; it is required to find the point of application 
C of the resultant iJ, such that its torque shall be equal to the 
sum of the torques of F^ and F^, or that it shall have the same 
effect in pro- 
ducing rotation a* b* 
about any point 
as the com- 
bined effect of 
Fy^ and F^ taken 
together. From 
drop a perpen- 
dicular upon the 
direction of F^, 
F^^ and iJ, cut- 
ting them in 4, 
B^ and O. Represent OA^ OB^ and OG by Xy, x^^ and X respec- 
tively. Then, by the conditions of the problem, 




But, by definition. 



whence 



or 



RX^F^x^^-F^x^ 
R^F^-^F^ 

■^^F^x^±F^ 
F, + F, 



F. 



^2-^ 



F. X- 



x. 



(87) 
(88) 

(89) 
(90) 
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Thi% shows that the point of application of the resultant divides 
the line joining the points of application of the two forces into two 
parts inversely as the forces. If the point coincide with (7, 
then 



F. 



i = _^ 



or 



^2 -^1 



F^2 = ■" ^1^1 



(91) 



(92) 



which means that the moments of F^^ and F^ about C are equal 
and opposite, and there is, therefore, no tendency to rotate 
about this point, or the torques about C are equal and opposite. 

If J^i be equal and opposite to F^ then the value for X, from 
(89), becomes infinite, or the solution fails for the case oi forces 
equal and oppositely directed. This simply means that there is 
no point at which a single force can be applied so as to produce 
equilibrium for this system. Such a system of forces is called 
a couple. Two equals parallel, oppositely directed forces constitute 
a couple, and if applied to the adjacent parts of a rigid body, 
tend to produce rotation only. The moment of a couple is 
obviously the product of one of the forces into the perpendicu- 
lar distance between them. 

The only way by which a couple can be equilibrated is by 
means of another couple, of equal moment and oppositely 
directed. 

43. Center of Inertia. If we take a body, as a long thin rod 
(Fig. 22), then 
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every particle of 

matter in the rod I ' ' I j O 

is subject to the 
force of gravity, 
and the direc- 
tions of these 
forces may be 

considered as sensibly parallel. If we take moments about any 
point 0, situated anywhere, either inside or outside the rod, 
we find for X, the acting distance of the resultant iJ, 
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or 



T^ _ ^mgx _ 2ma; 



(94) 



The point defined by equation (94) is termed the center of 
inertia or the center of mass^ pf the rod. It denotes the point 
of application of the resultant of all parallel forces acting upon 
the rod. If a rigid support be placed under this point in the 
rod, all the forces of gravity acting upon the rod will be in 
equilibrium, since the sum of their moments about this point 
is equal to zero ; therefore this point is frequently called the 
center of gravity. 

Equation (94) also affords a means for determining the 
center of figure of any plane area A^ made up of a large 
number of small areas, aj, a^t ag, ••• «„. If instead of mgx we 
substitute agh^ and for mg we write ag, then JET, the distance 
from any plane of reference, to the center of figure of the area, 
is given by the equation 

77" __ ^(xgh __ 2aA __ 2aA /Q^^ 

^ag 2a J. 

This general principle may be applied to a few simple cases, 

(a) The center of inertia of a line is at its middle point. 

(6) The center of inertia of any lamina having an axis of 
symmetry, lies on this axis. If the lamina have two axes of 
symmetry, then the center of inertia of the lamina lies at their 
intersection. 

((?) The center of inertia of a triangle lies at the intersec- 
tion of the median lines of the triangle. 

(eZ) The center of inertia of any polygon may be determined 
by dividing the polygon into triangles and considering the 
weight of the triangles as applied at their respective centers 
of inertia. 

(^) The center of inertia of a triangular pyramid may be 
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shown to be three fourths of the distance from the apex to the 
center of inertia of the triangular base of the pyramid. 

44. Conditions of Equilibrium. Since the motion of a rigid 
body is either a motion of translation or of rotation, or a 
combination of the two, it follows that for the body to be in 
equilibrium, there should be no tendency to produce either 
translation or rotation. Hence the conditions for equilibrium 
are 

"LFx = (no rotation) (96) 

2^"= (no translation) (97) 

where moments and forces are to be taken with' regard to their 
proper signs. The origin or center about which the moments 
are to be taken may be situated anywhere, as its position is of 
no importance. 

45. Stability of Bodies. The principle of moments may be 
applied to the determination of the stability of bodies. A 
body is said to be stable^ or in stable equilibrium^ when it is -^ 
necessary to do work upon it in order to displace it. In such ^ 
a case the center of inertia must be raised, if the body is to be 
displaced, and the body, if disturbed, tends to return to its 
original position. If, on the other hand, the body on being 
disturbed has its center of inertia lowered, or tends to fall 
farther from its original position, it is said to be in unstable 
equilibrium. A book lying on its side on a smooth table is in 
stable equilibrium. If the book be set upon edge or upon end, 

it is in relatively less stable equilibrium. . A ball or a cone 
lying on its side upon a smooth horizontal surface is said to be 
in neutral or indifferent equilibrium. 

The stability of quadrupeds is great, on account of the broad 
base, represented by the area enclosed by the four feet, and be- 
cause the center of inertia is almost vertically over the center of 
the base. For the kangaroo, though an apparent biped, the tail 
acts as a third leg, and the base is correspondingly increased. 
In man the base of support is small and the center of inertia 
is high, and the stability of the upright body is not great. In 
corpulent persons the increased effort to keep the center of 
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gravity over the base leads to a swaying or rolling motion in 
walking, which is seen in an exaggerated form in the waddling 
walk of a duck or a goose. 

46. Machines. A machine is any device for so transforming 
or transferring energy as to enable man to employ the forces of 
nature for doing useful work. In all cases a certain amount 
of energy is applied to the machine and in return a certain 
amount of useful work is done hy the machine. An ideally 
perfect machine would return all the energy applied to it. In 
actual practice a portion of the applied energy is always ex- 
pended in overcoming friction, and is thus frittered away as 
heat. Notwithstanding this loss, machines are employed for 
the purpose of applying to better advantage the forces at our 
command. 

Since energy is work or force x space, it is evident that with 
a given amount of energy the force may be increased exactly 
in the ratio that the distance through which it acts is decreased. 
Thus if P be the force applied to the machine, and % the dis- 
tance through which it acts, W the force exerted by the 
machine, and «' the distance through which the machine works, 
then, if we neglect friction, we have 

(98) 

The ratio W/P between the force exerted and the force ap- 
plied is called the mechanical advantage of the machine. 

Newton described six elementary machines to which all 
others may be reduced. These are the lever ^ the pulley^ the 
inclined plane^ the wheel and axle^ the wedge and the screw. 
These may be reduced to three, since the wheel and axle is but 
a modified lever, and the screw and the wedge are but modi- 
fications of the inclined plane. In all cases, however, the law 
of machines holds good, viz.: the force applied^ multiplied into 
its acting distance^ is equal to the force exerted multiplied into 
its acting distance. A few examples will illustrate. 
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47. Simple Machines. The lever. The lever is a rigid bar 
turning freely about a fixed point jP, called the fulcrum, which 
is to be considered as the center about which the moments of 
the forces P and TFare to be taken. 

For equilibrium these moments 
must be equal and opposite, or '^Fx = 

or P . AF^ W ' FB (100) 

from which the mechanical advantage is 
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Fig. 23. 



in each case. According to the rela- 
tive position of the fulcrum and the 
points of application of the forces P 
and W^ levers are classified as follows (Fig. 23) : 

(a) Lever % of the first class; fulcrum between P and W. 
Examples, a crowbar, a pair of scissors, or a pair of forceps. 

(6) Levers of a second class; TT between the fulcrum and P. 
Examples, a pair of nutcrackers, a wheelbarrow, or a door 
swung by its outer edge. 

(c) Levers of the third class; P between TTand the fulcrum. 
Examples, a pair of sugar tongs, or a pair of tweezers ; a door 

swung by its inner edge ; 
the human forearm. 

The pvlley, A pulley is 
a small wheel turning freely 
about an axis, and having a 
grooved rim for the recep- 
tion of a cord. A fixed pul- 
ley serves simply to change 
the direction of the applied 
force, but offors no mcchaa - 
iiiinl niliiiiiiil iji^i. It is a lever 
with equal arms. A mov- 
able pulley (Fig. 24) permits 
Fig. 24. of giving different velocities 
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The inclined plane. 



to P and TPi and with a continuous cord its mechanical advan- 
tage is proportional to the number of strands of cord supporting 
the weight. 

In the inclined plane we have a plane 
surface inclined at an angle 6 to the ho- 
rizon. Three cases are possible : 

(a) Force acts parallel to the plane. 
In this case the force P (Fig. 25), tend- 
ing to produce motion up the plane, is 
balanced by the component of the force 
of gravity dottm the plane, or for equilibrium 




tF=0 



Hence we have 



P = Mg(QOs 90° -ey^Mgsine 



(102) 



If we represent the length of the plane by I, the height by 
h, and the base by b, we have, on substituting the value of 
sin in the above expression, 



or 



Pl = Mgh 



(103) 
(104) 



This shows that the work done in pushing the Inass M up the 
plane is the same as that required to lift it through the vertical 
height A, whence the mechanical advantage is 



P h 

(J) Force acts parallel to the base of 
the plane. In this case the force P 
(Fig. 26) furnishes a component up the 
plane which must be balanced by the 
component of the weight down the plane, 
or 

Pco&0 =Mgsin0 




(106) 



MECHANICS OF A RIGID BODY 59 

whence Pj=Mgj (107) 

or P = Mg^ (108) 



from which Ph = Mgh (109) 

and again the work done in the two cases is equal. In this 
case we have for the mechanical advantage 

f = \ (110) 

(<?) Force acts at an angle (f> with the plane. In this case the 
equation of equilibrium is obtained as before by setting the 
components parallel to the plane equal to each other, or 

P cos </> = Mg sin (111) 

The inclined plane permits of a small force being employed 
to do work by moving through a correspondingly greater dis- 
tance. The winding curves of a railway as it makes its way 
up the mountain side illustrate the application of this principle. 

48. Friction. Friction is the resistance offered to the mo- 
tion of one portion of matter upon another. It is of the nature 
of a force. It seems to be due partly to the molecular attrac- 
tion between the surfaces in contact, and partly to the nature 
and condition of those surfaces. Even the most highly polished 
surface is covered with minute scratches and projections which 
oppose the motion of a similar surface over it. Friction always 
acts tangentially to the surfaces in contact and always opposes 
the motion. 

Friction is of two kinds : (a) static friction, or the resistance 
offered to a force tending to start one body to slide uniformly 
upon another; (J) kinetic friction, or the force necessary to 
keep the body sliding in uniform motion on a horizontal sur- 
face. Static friction is always greater than kinetic friction 
and varies from zero up to a maximum value, but is never more 
than that required to prevent motion. 
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The following facts concerning friction seem well established 
by experiment : (a) The friction depends upon the nature of 
the substances and the condition of the surfaces, but is inde- 
pendent of the area of the surfaces in contact. 

(5) The friction is independent of the speed of the motion 
unless it be very small, when it rises to the maximum or static 
friction as the speed falls to zero. 

(c) The friction is proportional to the force with which 
the surfaces are pressed together that is, it is that force times 
some factor which is always less than unity. This factor is 
called the coefficient of friction. 

49. The Balance. The balance is an instrument for the 
comparison of masses. It is a lever of the first class, having 
equal arms. In its simplest form it consists of a light, strong 
beam, supported at its center by a knife-edge resting upon an 
agate plate, and carrying upon knife-edges at its ends two pans 
for the reception of the masses to be compared. When dis- 
turbed the system oscillates about its position of equilibrium, 
to which it finally returns. When masses are placed in the 
pans, it is evident that the original position of equilibrium will 
be resumed only when the moments of the forces of gravity 
acting upon these masses are equal. If we assume the arms of 
the balance to be equal, we may set the masses equal to each 
other when their moments have been shown to be equal ; that 
is, when the balance resumes its original position of equilibrium. 

In case the arms of the balance are not of equal length, the 
true weight of the body may yet be determined by the method 
of double weighing. Let the arms of the balance be I and Zj, 
and let the true weight of the body be W. Suppose the body 
when hung from the arm ?, to be balanced by a weight TFj on Zj, 
and when hung from the arm Zj, to be balanced by a weight 
W2 on L Then by the principle of moments we have for the 
first case 

Wl = TFiZi (112) 

and for the second 

W^l= Wl^ (113) 
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Dividing the first equation by the second, we have 

W_Wi 



or 



whence 



Wo W 



TP=TFiTrj 



W= V Wi TTa 



(114) 



(115) 



(116) 



From this it appears that the true weight of a body may be 
found upon a balance of unequal arms by weighing first in one 
pan and then in the other and taking the square root of the 
product. If Wi and TP^ are not greatly different from each 
other, the arithmetical mean of the two weights is usually sufii- 
cient unless extreme accuracy is required. 

50. Sensibility of the Balance. The delicacy of the balance 
is determined by its sensibility. This depends upon a number 
of considerations and is expressed in terms of the angular dis- 
placement of the beam for a small difference of weight p^ usu- 
ally one milligram, in the pans. 

The sensibility of a balance is determined as follows: Let 
the points A, J5, O (Fig. 27), represent the knife-edges of the 

two pans and the beam, and sup- 
pose these points to lie in a hor- 
izontal line. Let the center of 
gravity of the beam and pointer 
of the balance be at (3^, distant r 
from the center of suspension (7, 
and let the weight of this system 
be W. For two equal weights P 
and P', placed in the pans, the 
system remains in equilibrium, 
provided the arms be of equal length. If an additional small 
weight p be placed in the right-hand pan, the system is dis- 
placed through the angle 5, and finally comes to rest in the 
position A' OB', In this position the restoring moment due 
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to W, and the disturbing moment due to p^ must be equal and 
opposite. Then 

Wxa^D=pxB'I (117) 

Substituting for -B'Jand Gr'I) their values in terms of 5, we 

have 

Wrain0^plco&0 (118) 

whence 

tan I ^jjg^ 



The quantity 



tand 



p Wr 
is termed the sensibility of the balance 







and is seen to vary directly as the length of the beam, and 
inversely as the weight of the nPMUgH^EateHi, and as the dis- 
tance of the center of gravity of the system, from the point of 
support. 

In order, therefore, for the balance to be sensitive, the beam 
should be long and light and the distance r, between the center 
of gravity of the system and the center of support should 
be small. Practical considerations, however, set a limit to 
each of these theoretical suggestions. The beam must neither 
be so long nor so light as to render it liable to bend under 
the load it is to carry, else the sensibility would be diminished ; 
also if the distance r be made too small, the system becomes 
unstable and the time of vibration becomes inconveniently 
long. 

51. Moment of Inertia. It is now necessary to investigate the 

expression for the kinetic en- 
ergy of a rotating body. Sup- 
pose a rigid body to rotate uni- 
formly about a line through its 
center of gravity, (Fig. 28), 
and let us call this line the axis 
of rotation. Also let to denote 
the angular velocity. Then two 
particles of masses m^ and Wg, situated at distances r^ and rg 
from this axis, describe circle of circumferences 2 irr^ and 2 wr^ 

I) ^ ^ 




^ . 



'<««, 



'3 
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respectively, in the same time^ T. The linear velocities tij and 
Vj of the particles are consequently 

2^ and 2^ 
T T 

But since 

T 

we have 

^1 = "^^i (120) 

or, in general, the linear velocity of any point revolving about 
an axis is equal to the angular velocity times the radius ; or, 

V = fi>r (121) 

Again, the kinetic energies of the two particles Wj and m^ 
will be 

2 ■" 2 
and (122) 

2 2 

If we suppose the rotating body to be made up of an indefi- 
nite number of particles, then the kinetic energy of the body 
will be the sum of the kinetic energies of all its particles, or 

K.H. ^ ^1^ 4- ^a^'^ a + "^8 ^ + -- ^"'^^ a23) 
222-2 ^ 

or, since » is constant for the entire body, 

K.K = ^2wr2. (124) 

The expression 2mr^ is called the moment of inertia of the 
body, and is designated by the letter I. It denotes the sum 
of the products, obtained by multiplying the mass of each indi- 
vidual particle by the square of its distance from the axis of 
rotation. This quantity, Xmr^^ has a perfectly definite, positive. 



64 COLLEGE PHYSICS 

numerical value for a definite body, rotating about a definite 
axis through its center of inertia. It will be observed that / 
depends, not only upon the mass of the body, but much more 
upon the manner in which that mass is distributed with regard to 
the axis of rotation. For every body it is possible to find a 
radius K^ such that the mass of the body M multiplied by the 
square of this radius is equal to the moment of inertia, or 

MK^ = 2mr2 (125) 

Such a radius is called the radius of gyration. 

The dimensions of a moment of inertia are [iKl^] and the 
unit is gram centimeter square. 

For convenience of reference the following table of moments 
of inertia is appended, where M denotes the mass of the body 
and /the required moment of inertia. 

Moments of Inertia (Formulae) 
Uniform thin rod, axis through middle, length = Z, 

/= JIfg (126) 

Uniform thin rod, axis at one end, length = Z, 

J= M^ (127) 

Rectangular lamina, axis through center and parallel to one 
side, length of sides a and 5, side h bisected, 

/=ilfg. (128) 

Rectangular lamina, axis through center and perpendicular to 
the plane, sides a and 5, 

I^M^^^ (129) 

Circular plate, axis through center perpendicular to the plate, 
radius = r. 
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J= M^ (130) 

Circular plate, axis any diameter, radius = r, 

J= M^ (131) 

Circular ring, axis through center perpendicular to plane of 
ring, outer radius = R^ inner radius = r. 



J= JIf i^±if) (132) 

Circular ring, axis any diameter, radii as before, 

I=Mi^±^ (133) 

Moment of inertia about an axis parallel to an axis through 
center of gravity of body, and distant from same by a distance 
a, moment of inertia about axis through center of gravity = ij^, 

J= Jo + Ma^ (134) 

52. Moment of Inertia and Angular Acceleration. If a be the 
angular acceleration, then the linear acceleration 

a = 2 = "- = ar (1^^) 

c r 

or the linear acceleration is equal to the angular acceleration 
times the radius ; that is, 

a^ar (136) 

If now we consider a particle of mass w, at a distance r from 
the axis of rotation, then the force necessary to give it a linear 
acceleration a is 

F = ma = mar (137) 

and the moment of the force is mar x r, since the force acts 
tangentially to the circle described by w, or the moment for a 
single particle is mar^. 
p 
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The moment of the force necessary to give the entire body 
the same acceleration is Imar^^ or a2mr^ ; that is, 

Moment = Torque = ff=:Ia (138) 

53. Kinetic Energy of Rotation. We have now derived two 
distinct formulae for kinetic energy. 

(a) K E. of translation = J Mv^ (139) 

(J) K.U. of rotation = ^ 7fi)2 (140) 

On comparing these formulae for kinetic energy, we note 
from their symmetry that the angular velocity © of a rotating 
body corresponds to the linear velocity t; of a body under- 
going translation ; also that the moment of inertia I of the rotat- 
ing body corresponds to the mass M of the body, undergoing 
translation. This relation is most important, and fiiids constant 
application in mechanics. The flywheel of an engine acts as a 
reservoir of kinetic energy, not only on account of the mass, 
but still more on account of the distribution of its mass, since 
this is largely in the rim, thus making its moment of inertia as 
large as possible. 

Again, it should be observed that a system may possess 
kinetic energy both of translation and of rotation at the same 
time. Thus the wheel of a bicycle when in motion possesses 
kinetic energy due to its motion of translation equal to J Mv^^ 
and also due to its rotation amounting to ^ lai^. This fact has 
been ingeniously employed in the manufacture of steel shells 
for modern, long-distance, rifled cannon. The flying cylin- 
drical shell possesses both energy of translation and energy of 
spin around its longer axis, due to the twisting motion im- 
parted to it by the rifling of the gun. The striking end of the 
shell is now made of the hardest steel, and furnished with a 
screw point, so that the instant it strikes a target, the kinetic 
energy of rotation causes it to bore in like an auger, thus in 
creasing its destructive action many fold. 

The following table shows at a glance the striking analogy 
between the formulae relating to linear and angular motion: 



MECHANICS OP A RIGID BODY 



67 



TABLE II 



Translation 


Rotation 


Tbanblation 


Rotation 


S 


6 


s = VQt-\-l at^ 


^ = U)o< + i a/2 


V 


0) 


F = Ma 


ff=Ia 


a 


a 


W = F8 


W=^ 


F 


<y 


^=Fv 


^=S'iO 


M 


/ 


K.E. = i mv^ 


K,E,=iIio^ 



54. Ideal Simple Pendulum. The ideal simple . pendulum 
may be defined as a heavy material particle suspended by a 
weightless thread. As an approxi- 
mation to this ideal we may use a 
lead ball supported by a fine silk cord. 
It is required to find an expression for 
the time of vibration of this pendu- 
lum. Let the pendulum of mass m be 
supported by a cord AB^ of length I 
(Fig. 29).. When drawn aside to the 
position B, it forms an angle 0, or 
BAN,, with the vertical. The com- 
ponent of the weight mg^ which is 
effective in producing motion, is m^, 
cos (90*^ — 5) or mg sin 0. Let NB equal a;, the displacement, 
and let a^ be the acceleration toward the position of rest; then 
ma^ is the force urging the body toward iV, or 




Fig. 29. 



r » 



whence 



ma^ = — mg sin 
a^ = — g sin 



(141) 
(142) 



also 



= 



X 

1 



(143) 



If be small, we may set 



sin ^ = 5 = tan 



therefore 



q 



(144) 
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Now since g and I are constants, it is clear that within the 
limits where we may write 

sin ^ = ^ = tan 6 

the acceleration is proportional to the displacement^ and the motion 
of the pendulum will be simple harmonic motion. But from 
equations (69) we have 



a^ = 



IT* 



y2 



X 



therefore 



4tifi 'X __2 



y2 



I 



X 



or 



r=2 7r^i 



(145) 
(146) 



y 



/:• 



This is the period^ or the time of a complete vibration; for a 
half vibration 



To find the length of the seconds pendulum, where 
g = 980 ^, set T, = 1, or 1 = irjA. 



(147) 



from which 



?=M=99.3cm 



\ 



i V. 



55. Compound or Physical Pendulum. Any body suspended 
so as to swing freely about an axis forms a compound or physi- 
cal pendulum. In such a pendulum the 
mass of the body may be considered as 
concentrated at its center of gravity. 
Suppose the heavy body (Fig. 30) be 
drawn aside through an angle 5, then 
the moment of the restoring force is 
Mgh sin 0^ where h is the distance from 
the point of suspension to the center of 
gravity of the pendulum. This same 
moment tends to produce an angular 
acceleration a, and we have seen (Art. 




* » 



\ \ \M 



\\^? \ 



/»* 



r. 
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62) that such a moment is equal to a2wi/^, hence equating these 

two values for the moment of the force Mg upon the pendulum, 

we have 

almr^ = Mgh sin (148) 

whence 

2^ = imi (149) 

Mh a ^ ^ 

Now ^ is a linear acceleration divided by an angular 

a 

acceleration, and we have seen (Art. 52) that the quotient is 

a length ; hence is also a length ; as a matter of fact, it 

Mh 

is the length of an equivalent simple pendulum, which will 

vibrate in the same time as the body. If we let 

Z = 2^ = _^ (150) 

Mh Mh ^ ^ 

equal the length of this simple pendulum, we may write the 
expression for the time of vibration of the body at once. 

r=2 7rxff=2 7rJ^ (151) 

V ^Mhg 

This is a general expression for the time of vibration of any 
heavy body when disturbed, about its position of equilibrium. 

The length of a compound pendulum may be determined 
experimentally by suspending near it a simple pendulum and 
altering the length of the latter until the two vibrate in the 
same time. The length of the simple pendulum so found is 

, __ ^m'fi I 



Mh Mh 

If now we lay off this length upon the compound pendulum, 
measuring /row the center of suspension through the center of 
gravity, we find the center of oscillation ; that is, the center 
of oscillation is distant from the center of suspension by the 
length Z, as defined by equation (150), and the pendulum 
behaves as if all the mass were located at this point. 
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It may be also shown that the center of oscillation and the 
center of suspension are interchangeable ; or, in other words, 
for every point of suspension S there exists a conjugate point 0> 
such that the pendulum will vibrate in the same time, whether 
suspended from S or from 0, 

The center of oscillation is also termed the center of percus-^ 
sion^ since, if the pendulum be struck a blow at this point, it 
will move forward in its arc, with no jerk or jar upon the point 
Sy as if the whole mass had received the blow. At any other 
point the effect of a blow would be to start the pendulum to 
swinging, and also to jerk it from its support owing to the ten- 
dency to rotate about some axis other than the point of sup- 
port. This is well illustrated in the case of a baseball bat, 
which is to be considered as a compound pendulum. If the 
ball be received upon the bat at the center of percussion, no jar- 
ring of the hands is experienced by the striker. If the ball 
strike the bat at any other point, either too near the end or too 
near the hands, the jarring effect is very painful, and the bat 
is usually broken as well. 

Problems 

1. A weight of 350 kilos is carried by a bar, AB^ 4.7 m long, supported 
at the ends. If the distance of the weight from the end A be 2 m, what 
is the weight borne by each support ? 

2. A uniform lever 8.2 ft long weighs 15 lb. If 26 lb be hung from 
one end and the bar be sustained by a support 2.6 ft from this end, what 
weight must be hung from the other end for the system to be in equilibrium ? 

3. It is found that a lever cut from a uniform bar weighing 4,2 lb to 
the foot balances at a distance of 2.3 ft from one end when weighted at 
this end with 5.4 lb. What is the length of the bar ? 

4. When a lever, A By is supported at its center of gravity, it is found 
that a weight, TT, hung at A will balance 2.5 lb at ^; but when W is 
hung at Bf it requires a weight of 19 lb at il to keep it in equilibrium. 
What is the weight PT? 

5. Find the magnitude and point of application of the resultant of two 
parallel forces, in the same direction, equal, respectively, to 25 and 42, when 
their lines of action are 3.4 ft apart. 

6. A meter scale (of which the mass may be neglected) has suspended 
from the 10 cm mark, and from the 90 cm mark masses of 2 and 9 kilos 
respectively. Where must the scale be supported for equilibrium? 
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7. A lever is 20 cm long and its mass 15 g. Where must the fulcrum 
be placed in order that a mass of 10 g at one end may just balance a mass 
of 16 g at the other end ? 

8. A uniform, thin rod one meter long, whose mass may be neglected 
carries four masses of 4, 7, 10 and 22 g. The 4 g mass is at one end and 
the 22 g at the other, while the 7 and 10 g masses are 55 and 75 cm from 
the 4 g mass. Find the center of inertia of the system. 

9. From a square plate of uniform thickness, one triangle formed by 
the intersection of the diagonals has been removed. Find the center of 
inertia of the remainder. 

10. Masses of 7, 9 and 11 kilos are placed at the points A, B and C of a 
right triangle, right angled at C, of which the base A C, is 10 cm and the 
altitude BC, is 15 cm, and whose mass may be neglected." ^Find the center 
of inertia of the system. 

11. A wheel of mass 100 lb is attached to end of a straight uniform 
axle 4 ft long and of mass 50 lb. Find the center of inertia of the system. 

12. In a system of one fixed and one movable pulley (Fig. 24), what 
weight can be lifted by a fdrce of 20 lb weight, neglecting friction and 
mass of pulley? 

13. In a system of two fixed and one movable pulley (Fig. 24), what 
mass at end of cord will equilibrate 270 kilos attached to movable pulley, 
neglecting friction and mass of pulley as before ? 

14. What force acting horizontally can keep a mass of 16 kilos at rest 
on a smooth inclined plane, whose height is 3 m and base 4m? 

-15. Find the force normal to the plane mentioned in problem 14. 

16. A body of mass 25 kilos rests upon an inclined plane, which makes 
an angle of 30° with the horizon. Find the force necessary to produce 
equilibrium, (a) when the force acts parallel to plane, (6) when parallel to 
base. 

17. A boy who can exert a force equal to 50 lb weight, wishes to roll a 
barrel of mass 200 lb into a window 4 ft high. How long a plank is 
required ? 

18. If a mass weigh 29.62 g, in one pan of a balance and 28.71 g in the 
other, what is its true mass ? 

19. If a mass of 625 g moving with a velocity of 786 cm per second meet 
a mass of 164 g moving in the opposite direction with same speed, what 
will be their velocity after impact, supposing the bodies to be inelastic? 

20. A grindstone of radius 20 cm and density 2.2 g per cubic centimeter 
is 10 cm thick. Calculate its moment of inertia when rotated about an axis 
through the center. 

21. If this stone rotate 5 times in 4 min, compute its kinetic energy. 
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22. Compare the moment of inertia of a meter rod of mass 150 g, when 
rotated about an axis, (a) through one end, and (b) through the center, 
both axes being normal to the length of the rod. 

23. A board 2 cm thick and 8 cm long by 5 cm wide, of density 0.75 g 
per cubic centimeter, rotates about an axis, through its center of inertia and 
normal to its plane. Compute its moment of inertia. 

24. A grindstone of mass 25 kilos and radius 40 cm rolls without slid- 
ing down an inclined plane 200 cm long and 50 cm high. Compare its 
kinetic energies of rotation and translation. 

25. Find the time of vibration of a simple pendulum 20 cm long, where 
g equals 980 cm per second per second. 

26. What would be the value of g, if the period of a simple pendulum 
97.31 cm in length were 1.975 sec ? 

27. A pendulum loses 20 sec per day, where g equals 980.3 cm per sec- 
ond per second. Find its length. 

28. A compound pendulum is composed of a wire 60 cm long, whose 
weight may be neglected, suspended from one end, and carrying masses of 
3, 5 and 7 kilos at distances of 20, 40 and 60 cm from the point of support. 
Compute its length and time of double vibration. 

29. A thin hoop of radius 30 cm and mass 100 g, hangs over a fine nail 
and vibrates in its own plane. Find its time of vibration. 

30. A hollow cylinder rolls down a perfectly rough inclined plane in 10 
min. Find the time a uniform solid cylinder would take to roll down 
the same plane. 

31. The masses in an Atwood's machine are 355 and 345 g. In the 
second second, starting from rest, the heavier mass descends through 27 cm. 
What value does this give for g ? 



CHAPTER VI 

ELASTICIT7 

66. Stress and Strain. Elasticity is that property by virtue 
of which matter resists the action of a force tending to change 
its shape or bulk, and which causes it to resume its original 
shape or bulk after the force is removed. If a body possess 
elasticity of shape, it is called a solid; if it possess no elasticity of 
shape, it is called a fluid. If a body have its size or shape 
changed under the action of a force, it is said to have been 
strained. The change in size or shape is called a strain^ and is 
measured by the relative change so produced. Thus, if a mass 
of gas of volume F'have its volume changed by a small amount 

JIT 

d F, then the strain is — =p ; or if a solid of length L have its 

rIT 

length changed by dL^ then the strain is -=r-. 

L 

The external force applied to produce a strain is called the 

load^ and, as a result of the strain produced, there arises in the 

strained medium a system of resisting forces which tend to 

produce equilibrium. This reaction of the medium against 

further deformation is called a stress. The stress at any point 

in a medium is measured by the force per unit area. After 

equilibrium ensues the load and the resisting force are equal. 

Hence stress may be evaluated in terms of the applied force per 

unit area. In the case of a compressed gas this stress is expressed 

as the pressure exerted by the gas in -^ , or ;— 5. 

cm^ in^ 

Fluids possess perfect elasticity of hulk; that is, they return 

exactly to their original bulk on removal of the compressing 

load. For every solid there is a limiting distortion beyond 

which the body when freed from the distorting load no longer 

73 
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completely regains its former shape. This distortion is called 
the limit of elasticity/. In engineering practice the elastic limit 
is expressed in terms of the stress producing this limiting 
distortion. 

All solids do not recover their initial shape with equal 
promptness. In some cases this return is much retarded, 
especially after repeated or long-continued distortion. This is 
commonly termed elastic after effect^ and is quite noticeable 
in metals. 

67. Hooka's Law. When an elastic body is distorted within 
its limit of elasticity, the stress called out by the distortion, 
tending to restore the body to its original condition, is propor- 
tional to the distortion. This is known as Hookers law^ and 
as originally stated, ^'ut tensio sic vis^^^ expresses the proportion- 
ality between the stress and the strain. The applications of 
this law are very numerous, including every form of elastic 
reaction against strains produced by external mechanical 
agencies. 

As will be readily seen, the application of Hooke's law involves 
the fundamental assumption that the force, and therefore the 
acceleration^ is proportional to the distortion. If the original 
position of the system be taken as the position of rest, we have 
at once the characteristic condition of simple harmonic motion. 
Such motions are seen in the vibrations of elastic springs, of 
the air particles in the production of sound, in the varying 
charges in an electric condenser, and in compressional and tor- 
sional waves in solids. 

From Hooke's law we see that in all cases where a body is 
distorted within its limits of elasticity, we have a relation of 
the form 

stress = c X strain (1^2) 

where e is a constant which is independent of either the stress 
or the strain, but which is characteristic of the substance under- 
going distortion. It is called a coefficient of elasticity. 

58. Coefficients of Elasticity. In general, twenty-one coeffi- 
cients would be necessary to express completely the elastic nature 
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of a body. If, however, the body be isotropic, these twenty-one 
coefficients reduce to two : the coefficient of volume elasticity e, 
and the coefficient of rigidity^ n. The general expression for 
these coefficients is therefore the quotient arising from dividing 
the stress by the strain. 

In the coefficient of volume elasticity e we have the stress, 
or applied pressure p^ divided by the compression produced, 
where compression denotes the change in volume v, divided by the 
original volume F", or 

V V (153) 

V 

Since all changes in volume are conceived as being very small, 
if we assume a volume of gas F", to be subjected to a change in 
pressure dp^ producing a corresponding change in volume dVj 
then 

e = ^r (154) 

It should be observed that the expression for the strain -— 

denotes a dilatation if positive^ and a compression if negative. 
The coefficient ^, however, has reference simply to the numerical 

dp 
magnitude of the ratio, tt^i and is therefore independent of the 

sign. 

Besides the elasticity of volume, solids have, as we have seen, 
elasticity of shape as well. If a solid be so distorted that its 
shape alone is changed, it is said to have undergone a shear. 
Thus if we conceive all the particles in a certain plane in a body 
to be fixed, and all the remaining particles to move in planes 
parallel to this plane, and by amounts proportional to their dis- 
tances from this plane, the resulting distortion is called a shear. 
The stress arising from such a distortion is called a shearing 
stress^ and the coefficient of rigidity, n, is the quotient obtained 
by dividing the shearing stress by the shearing strain. 
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59. Tottng's Modulus. If a load 

F=mg 

be suspended from a wire of uniform cross section, a, and length. 
2/, the wire lengthens by an amount Z, and a strain is produced 

in the wire, equal to — • The stress due to this distortion 

L 

resists the action of the stretching force, and equilibrium is 

established when the force due to the stress becomes equal to 

the load ; or if 

F= stress x a = niff. 

The coeflficient of linear stretch is 



M= 



stress 
strain 



mi 
a 

L 



mgL 



(155) 







This coefficient is called Young's modulus, and its unit is the 
dyne per cm^. Under otherwise equal conditions the elonga- 
tion of a wire will be smaller, the larger Young's modulus is 
for the substance of which the wire is made. 



TABLE III. 
Coefficients of Elasticity 



SUBBTANOB 


Young's Modulus 


COBFF. OF YOLUMB ElaSTIOITT 


Brass 

Steel 
Cast Iron 
Copper 


11 xlO"^^^I^ 
22 xl0"^^5£! 

13.5 X 10" ^sm 

12 X 1011 ^y"^' 

cm2 


10.5 X 10" ^J^ 
cm* 

18.5 X 10" "^y^f 

cm* 

9.5 X 10" ^2255 
cm» 

16.5 X 10" ^^ 
cmi' 



60. Three States of Matter. Matter presents itself in one 
of three states : solids liquid or gaseous. These states are not 
separated by sharp lines of demarcation, but shade almost insen- 
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sibly into each other, the particular state which the body as- 
sumes being dependent upon the temperature and pressure to 
which it is subjected. 

A solid is a body which resists any force tending to change 
either its shape or its volume ; in other words, it possesses elas- 
ticity both of shape and of bulk. It is characterized by small 
mobility of its molecules, and by the possession of surfaces of 
distinct outline on all sides. 

A liquid is a body which has no elasticity of shape, or which 
offers no resistance to a shearing force; it is characterized by 
considerable mobility of its molecules, by a distinct, free, upper 
surface, usually of a meniscus shape when confined in a tube, 
and by the existence in that free surface of a specific tension, 
not found elsewhere in the body. 

A gas is a body whose parts are held together only by the 
action of external force, and which offers resistance to the 
decrease but none to the increase of its volume. It is character- 
ized by almost perfect mobility of its molecules. It has no 
upper surface and no surface tension, but tends to fill all avail- 
able space. 

Liquids and gases when subjected to shearing forces are 
unable to remain in equilibrium, and their parts move into new 
positions, or tend to flow ; they are therefore classed together 
under the general term fluids. Fluids have perfect elasticity 
of volume but no elasticity of shape. 

61. Intermediary Qualities. As has been said, the three 
states of matter shade gradually into each other, although the 
changes are more abrupt in some cases than in others. Thus 
while most substances are perfectly elastic under hydrostatic 
pressure, no substance has yet been found to be perfectly elastic 
under shearing forces producing finite strains. Owing to the 
.varying behavior of substances under stress, a number of inter- 
mediary qualities are manifested, by virtue of which certain 
characteristics of the fiuid state are seen to exist even in solids. 

A body which breaks upon the sudden application of slight 
force is said to be brittle. Glass, gems and hardened steel are 
examples of brittle substances. 
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A plastic substance is one which has its form permanently 
altered by a force exceeding a certain value. Plastic solids 
under pressure behave as liquids, and flow with greater or less 
freedom. Thus cold lead under enormous pressure is made to 
flow through a die, producing lead pipe. 

Plastic bodies may be beaten into various forms, rolled into 
sheets, or drawn into wire. This is exemplified in the case of 
copper and platinum and in still higher degree in the case of 
gold. Substances which may be beaten into thin sheets are 
called malleable; those that may be drawn into wire are said to 
be ductile. Certain substances are plastic at high temperatures 
and brittle at ordinary temperatures. Thus glass and quartz 
are extremely brittle at ordinary temperatures, yet when 
fused they may be drawn into threads of exceeding fineness. 
Quartz especially, when fused, may be drawn into fibers so fine 
as to be invisible to the naked eye, yet capable of supporting 
relatively large masses, and possessing almost entire freedom 
from elastic after effect. 

Certain organic substances rival the metals in ductility. 
Thus sugar and pitch at certain temperatures may be drawn 
into threads so fine as to^ float on the air, while the spider's 
thread is formed in some cases of a thousand separate strands 
united into one. 

62. Viscosity. While it is assumed that an ideal liquid 
would offer no resistance to a shearing stress, still it is to be 
noted that all known liquids do manifest a certain degree of 
resistance to the motion of their parts over each other. This 
internal friction^ or resistance to flow^ is called viscosity. A 
liquid that flows readily as alcohol or ether is termed a limpid 
liquid as opposed to a viscous liquid like honey or Canada 
balsam. 

To illustrate the viscosity of liquids, support horizontally 
a glass disk 10 cm in diameter, by a stiff wire from its center, 
and lower it into a flat beaker containing several centimeters 
depth of gl)^cerine, bringing the disk at least 5 cm below the 
surface of the liquid. Place small bits of paper or cork upon 
the glycerine and rotate the disk by twisting the supporting 
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wire. The surface is soon seen to be in rotation, showing that 
the rotation of the disk sets up a shearing stress which is trans- 
mitted through the liquid to the surface layers and sets them 
in motion also. A smooth metal disk mounted horizontally 
upon a whirling table and set in rapid rotation will drag along 
with it the adjacent layers of air, as may be shown by lowering 
over it a similar disk suspended by a fine cord from its center. 
The viscosity of the air will soon sufiSce to set the upper disk 
in rotation even at a distance of one or two centimeters. 

It thus appears that a column of glycerine or even a column 
of air is able, by virtue of the internal friction between its 
molecules, to transmit a shearing stress from one end of the 
column to the other. In the case of a perfectly rigid column 
such transmission would be instantaneous, while in the case of 
fluid columns there is a continual breaking down under the 
stress and the transmission is much slower and far less 
perfect. 

This continued breaking down or yielding of the parts of a 
body under the action of a shearing stress is seen also in the 
case of bodies usually classed as solids. Thus shoemaker's 
wax, while brittle to a sudden blow, will creep slowly down an 
inclined plane under the action of gravity; long glass tubes, 
laid horizontally upon supports at the ends, sag down in the 
middle, due to their own weight; sandstone pillars under 
enormous weights have slowly bent without breaking. All 
these are examples of viscous substances. 

63. Coefficient of Viscosity. Poiseuille's Law. Internal fric- 
tion likewise determines the velocity with which a liquid under 
pressure will flow through a tube of narrow bore. Since the 
layer of liquid in contact with the tube remains practically at 
rest, the velocity of flow increases from without inward, becom- 
ing a maximum at the center. With a definite difference of 
pressure between the two ends of the tube, the liquid assumes 
a steady state of flow, and the moving mass may be considered 
as made up of a number of concentric liquid tubes slipping over 
each other under pressure and retarded by molecular friction. 
With a difference of pressure jt>, between the two ends of the 
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tube, the quantity Q^ discharged through a tube of length Z, 
and radius r, in time t, is given by the equation 

where 17 is called the coefficient of viscosity. 

This relation, first determined experimentally by Poiseuille, 
a French physician, and subsequently derived theoretically by 
others, is known as Poiseuille^ s law. It has been found to hold 
very accurately for small velocities of flow, but fails when the 
velocity exceeds a certain value depending upon the size of the 
tube and the nature of the liquid. Poiseuille's law is of impor- 
tance in questions relating to the capillary circulation of the 
blood. 

The coefficient of viscosity 17 is defined as numerically equal 
to the tangential force exerted upon unit area of either of two 
horizontal planes placed at unit distance apart, in the viscous 
substance, one of the planes being fixed and the other moving 
with unit velocity. This coefficient may be measured in several 
other ways, as by determining the resistance encountered by a 
solid in moving through the viscous liquid. 

The value of 17 varies greatly for different substances. For 
water at 15° C its value is 0.0115; for glycerine it is about 
300 times as much ; for ether one third as much; and for air one 
fifty-fifth as much. The viscosity of liquids usually diminishes 
with increase of temperature. Hot water is less viscous than 
cold ; sirups and saline solutions are limpid when hot and vis- 
cous when cold. In gases, on the other hand, the viscosity 
incredses as the temperature increases. 



MECHANICS OF FLUIDS 
CHAPTER VII 

FLUIDS AT REST 

64. Fluid Pressure. A perfect fluid is a body which would 
oflFer no resistance to a shearing stress. This, as we have seen, 
is a purely ideal case, but if we consider the distortions in a 
fluid mass as vanishingly small, even the slight resistance of 
the fluid to change of form arising from viscosity becomes zero, 
and we find theit fluids at rest behave as perfect fluids. Since in 
a perfect fluid there is no viscosity, and hence no statical fric- 
tion, it follows that the pressure exerted by the fluid on the 
containing vessel must all be normal to the surface of the vessel, 
because any pressure other than a normal pressure could be 
resolved into a normal and a tangential component. The nor- 
mal component would produce pressure on the side of the ves- 
sel; the tangential component would produce motion in the 
fluid unless opposed by statical friction. But there is no stati- 
cal friction, and since the fluid is at rest^ there can be no tan- 
ffential component Therefore the fluid pressure on the side of 
a vessel is normal to the side of the vessel. 

Again, it follows from the absence of statical friction in a 
fluid that any pressure exerted upon any surface of a confined 
fluid must be transmitted undiminished to every area of surface 
in contact with the fluid. For consider two cylinders connected 
with a closed vessel (Fig. 31), each cylinder being stopped by 
a piston of area a, and the whole filled with a fluid. If now 
one piston be forced in through a distance 6, then the second 
piston must be driven out an equal distance, if no compression 
of the fluid is to ensue. The work done by the first piston is 
a 81 
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J'J, where F is the force applied. Since no work is done in 
compressing the liquid, the work done on the second piston 
must be F'h. Whence 

Fb = F'b (157) 

or 

F=F' (158) 

Even if the pistons have unequal areas, a and a', the pressure 
is still transmitted undiminished, since in this case we have 

Pab = P'a'b' (159) 



and ab, the volume o£ liquid 
displaced on one aide, is 
equal to a'b', the volume dis- 
placed on the other side, if 
no compression takes place. 
Whence 




P = P' 



(160) 



65. Pressure at Any Poiat 
In a Fluid. Since pressure in a fluid is transmitted undimin- 
ished in all directions, it follows that the pressure at any point 
is the same in all directions. For suppose a body of liquid to 
be in equilibrium, and conceive a cylinder of the fluid of very 
small diameter to become solid without change of density. 
Then unless the pressures upon the ends of the cylinder are 
equal and oppositely directed, motion will ensue. But the 
liquid is at rest ; hence there is no difference in the pressuree 
upon the two ends. Now since the cylinder may be rotated in 
a horizontal plane, it follows that at any point in a liquid the 
horizontal pressure is the same in all directions, and since the 
diameter of the cylinder may be indefinitely diminished, the 
vertical pressures must be equal for the same reason. 

This may be illustrated experimentally by the apparatus 
shown in Fig. 32. Bend three glass tubes of about 5 mm 
diameter into the forms of tubes J, 7/, III. Fill the lower 
parts of the three tubes to the same height with mercury and 
immerse in a vessel of water, keeping the mouths of the three 
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tubes in a horizontal line. The difference in level of the mer- 
cury in the two arms of each tube is the same ; thus showing 
that in that horizontal plane iu the 
liquid, the upward, downward and 
lateral pressures are equal. On 
lowering the tubes to the bottom 
this difference in level increases ; 
thus showing that the pressure in- 
creases as the depth increases. 

66. Free Surface of a Liquid at 
Rest, Horizoutal. It may readily be 
shown that the free surface of a 
liquid at rest is horizontal. Let A 
(Fig. 33) be a particle of liquid of 
mass m, on a surface that is not hori- 
zontal. Then the force of gravity on the [particle is mff in the 
direction AS. This can be resolved into^a normal component 
AC, and a tangential component AJ). The normal component 
simply produces pressure on the interior of the liquid and may 
he neglected. The tangential component AD is free to pro- 
duce motion. Its value is 

A2)=mgeo8BAD (161) 

But by hypothesis the liquid is at rest ; this cannot be true 

unless AJ) is zero. But since mff cannot be zero, cos SAD 

must be zero ; that is, SAD is 90°, or 

the surface of a liquid at rest must be 

horizontal. 

67. Pressure on an Immersed Sur- 
face due to the Weight of a Liquid. 
Consider a surface of area A immersed 
in a liquid of density d. We shall 
first find the force upon this surface 
due to the weight of the liquid. Let 
the area be subdivided into a large number of very small areas, 

Qj, Og, dg a„; then 

A = ta (162) 
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If we take one such small area as a (Fig. 34) at a depth h 
from the surface, then the mass of liquid pressing upon this 
surface is the volume aA, multiplied by the density, or ahd^ and 
the force /, on this small surface is ahdg. The total force on 
the surface A is therefore 






(163) 




^a 



Let i?"be the distance from the center of 
area of the surface pressed upon, to the sur- 
face of the liquid. Then by equation (95) 
we have 



H^ 



Sa 



Fig. 34. 



or 



F^AHdg 



(164) 



This is a general expression for the force due to the weight 
of a liquid upon any surface immersed in it, in any position 
whatever. The expression shows also that the force upon an 
immersed surface varies directly as the area of the surface, as 
the depth of the center of area below the surface of the liquid, 
as the density of the liquid, and as the acceleration due to 
gravity. 

Equation (164) also gives an expression for the average 
pressure exerted by a liquid upon an immersed surface. For 



P = l=Hdg 



(165) 



while the pressure p^ at any point in the liquid, is obviously 



f 
p = '^= hdg 



(166) 



68. Principle of Archimedes. A solid immersed in a liquid 
is huoyed up by a force equal to the weight of the liquid displaced* 
This principle is readily shown to be true by considering a ves- 
sel filled with liquid which is in equilibrium. This condition 
of affairs will not be disturbed if we suppose a certain part of 
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the liquid to become solid without change of density. The 
forces acting on the solidified portion are its weight acting 
downward through its center of gravity, and the force exerted 
by the liquid upon its outer surface. Since this equilibrates 
the weight of the solidified portion, it follows tliat the result- 
ant of all the forces due to the fluid must be directed upward 
through the center of gravity of the solidified portion, and 
must be equal to the weight of that portion. Consequently, 




Fig. 36. 



the buoyant force exerted upon any body immersed in a fluid 
(Fig. 35) is equal to the weight of the fluid displaced by the 
body, and acts through the center of gravity of the fluid dis- 
placed. 

A result of this fact is that any body weighed in a fluid 
weighs less than if weighed in air, by an amount equal to the 
weight of the fluid displaced. This seeming loss of weight is 
due to the buoyant force of the fluid in which the body is im- 
mersed. Hence to find the volume of any body of irregular 
outline it is only necessary to weigh it first in air and then in 
distilled water at 4° C. The apparent loss of weight is the 
weight of a volume of water, equal to the volume of the body. 
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and if the weight be expressed in grams, the volume is at once 
obtained in cubic centimeters. In this way the number of 
cubic centimeters of iron in a handful of carpet tacks may be 
determined. 

In accordance with the principle of Archimedes, it is neces- 
sary in accurate weighing to correct for the buoyancy of the 
air. This precaution is unnecessary in case the object weighed 
and the weights used have the same density; it is the more 
necessary, the smaller the density of the body weighed. 

If we immerse a body in a fluid whose density is greater 
than that of the body, the body will displace more than its own 
weight of the fluid and will therefore rise until the weight of 
the fluid displaced just equals its own weight, when it floats. 
Hence a floating body displaees its own weight of the liquid in 
which it floats. 

Finally, if we call m the mass of the body, 

m^ its apparent mass when weighed in the fluid, 

d the density of the body, 

c?j the density of the fluid, 

V the volume of the body, and if we set the apparent loss 

of weight equal to the buoyant force of the fluid, we have 

mg-m^ = vd^ (167) 

69. Density and Specific Gravity. The density of a body is 
its mass per unit volumer^ The specific gravity of a body is the 
ratio between the density of that body and the density of some 
substance assumed as a standard. For liquids and solids the 
standard is distilled water at a temperature of 4° C. For gases 
hydrogen is usually assumed as the standard. If the mass and 
volume of a body be known, its density is given by the relation 

V 

Ordinarily the volume of a body is found in accordance with 
the principle of Archimedes, by finding the mass m, of the body 
in air and its apparent mass m^, in some fluid of known density. 
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dy The difference is the mass in grams of the fluid displaced 
by the body. The density of the body will then be given by 
the expression obtained in the previous article, on substituting 
for V its value m/c?, or 

d = — ^^ . d. (168) 

In case the fluid is distilled water at 4° C, d^ is taken as 
unity. If the weighing be done at some temperature other 
than 4^ C, or the fluid be other than distilled water, then d^ 
represents the density of the fluid used, at the temperature at 
which the weighing was done. 

For bodies lighter than water, a sinker with a sharp point 
is hung from the left-hand pan, immersed in the standard fluid 
and counterpoised by small shot or fine sand. The body 
whose density is sought is placed in the left-hand pan and its 
mass m determined as usual. It is then fastened to the sinker 
by sticking it upon the sharp point immersed in the fluid, and 
equilibrium restored, either by adding masses to the left-hand 
pan, or removing them from the right-hand pan. The ap- 
parent change in mass represents the mass of the liquid dis- 
placed, or w — my Whence, as before, ^ 

d = • di 

For finding the density of liquids, the most accurate method 
is by means of the pyknometer, or "specific gravity bottle." 
This is a small flask fitted with a ground glass stopper which 
is perforated throughout its length for the escape of super- 
fluous fluid on filling the flask. The flask is first cleaned and 
dried and weighed empty. It is then filled with the liquid 
and weighed, and finally filled with the standard and weighed. 
These two weights, less the weight of the empty flask, give 
at once the masses of equal volumes of the substance and of 
the standard ; whence we have 

J m 

V 
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Other methods are frequently employed for determining 
the density of liquids, especially when great accuracy is not 
required, 

70. Liquids in Communicating Tubes. Consider a, hent tube 
(Fig. 36) containing two liquids which 
do iiot react chemically upon each other. 
When the system has come to rest, it 
will be found that the less dense liquid 
stands at a height h above a horizontal line 
through the junction ««' of the two liquids. 
The pressure exerted by this column is 
evidently balanced by the pressure due to 
the denser liquid whose height above the 
same surface is hy Let d and dj be the 
respective densities of the two liquids. The equation of equi- 
librium is then 




hjd^ = hdg 



(169) 
(170) 



or the heights of the two liquids 
above their common plane of sepa- 
ration vary inversely as their den- 
sities. 

In case the liquids react chemi- 
cally upon each other, the device 
shown in Fig. 37 may be used. 
The bent tube is inverted and the 
ends placed in cups containing the 
liquids of densities d and dy 
Through a short tube at the top the 
air may be partly removed from 
the tubes, producing a difference of I 
pressure P between the air inside "" 

and outside the tube. This difference is balanced in each case 

1 line short 
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by the rise of the liquid in the two tabes, and we have for equi- 
librium 

h^d^ = hdg 
as before. 

If the density of one of the liquids be known, the density of 
the other may be computed at once. 

TABLE IV 
Densities of Various Bodies 



Alcohol at 20° C .... 0.789 

Aluminam 2.58 

Brass .... (about) 8.5 

Brick 2.1 

Copper 8.92 

Cork 0.24 

Diamond 3.52 

Glass, common 2.6 

Glass, heavy flint .... 3.7 

Gold 19.3 

Ice at 0° C 0.916 

Iron, cast 7.4 



Iron, wrought 7.86 

Lead 11.3 

Mercury at 0° C .... 13.595 

Nickel 8.9 

Oak 0.8 

Paraffin 0.9 

Pine 0.5 

Platinum 21.5 

Quartz 2.65 

Silver 10.63 

Tin 7.29 

Zinc 7.15 



71. The Barometer. A barometer is an instrument for 
measuring the pressure of the atmosphere. It is made by taking 
a stout glass tube (Fig. 38) about 80 cm long and closed at one 
end, filling it with mercury, and inverting it with the open 
end under the surface of mercury in a shallow dish. When 
the system has come to rest, the mercury in the tube stands 
about 76 cm above the level of the mercury in the dish, if the 
experiment be performed at sea level, in latitude 45°. 

Now since pressure in fluids is transmitted undiminished in 
all directions, it follows that the weight per unit area of this 
column of mercury, 76 cm in height, must be balanced by the 
downward pressure of the air upon the surface of the mercury 
in the dish. If for any reason the atmospheric pressure 
change, the corresponding difference in the height of the mer- 
cury in the tube enables us to measure this change. 

If the barometer be carried up the side of a mountain, or 
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down into a mine, the elevation above, or the depression below, 
the sea level may be roughly determined from the difference 
in the barometric readings. At sea level a change of 11 
m in level produces a change of 1 mm in the height of 
the barometer column. This rate of change is not 
constant, but diminishes as the elevation increases. 
Correction, however, should be made for differences 
in temperature at the various heights. 

The pressure of the atmosphere as measured by the 
barometer is readily computed. Assume the tube 
(Fig. 38) to be of unit cross section and g to be 



980 



cm 
sec^ 



Then the volume of mercury supported is 



Fio. 38. 



76 cc; the mass is 76 x 13.596 = 1033.296 g, and the 
force is 1033.296 x 980 = 1,012,630 dynes. Hence the 
atmospheric pressure is 1,012,630 dynes per square 
centimeter. This pressure is called the pressure of 
one atmosphere/^ In Eng- 
lish units the pressure of 
one atmosphere is approx- 
imately equal to a weight of 14.7 lb 
per square inch. 

It should be noted that the baro- 
metric height is constantly chang- 
ing, and that the standard height of 
76 cm or 30 in is the average height 
for places at the level of the sea^ lat- 
itude 45° and at the temperature of 
0° O, Ann Arbor is 882 ft above sea 
level, and the mean barometric read- 
ing for the year 1901 was 29.03 in. 

72. Manometers. Let a tube be 
attached to a bell jar and the jar be 
placed upon the plate of an air 
pump with the lower end of the 
tube dipping into a cup of mercury, 
as shown in Fig. 39. On withdrawing the air from the bell jar 
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Fio. 40. 



the mercury rises in the tube, thus furnishing a measure of the 
exhaustion as the pumping proceeds. Such an arrangement is 
called a manometer. For measuring slight dif- 
ferences in gaseous pressure, the second form 
shown in Fig. 40 is used, where the total pres- 
sure upon the gas in the horizontal arm is one 
atmosphere, plus the mercury column AB. A 
more sensitive form of this instrument is se- 
cured by substituting some light oil in place 
of mercury. 

For the measurement of pressures amount- 
ing to several atmospheres the compression 
manometer (Fig. 41) is a convenient and 

compact form. 

73. Pumps. In the action 
of the ordinary lifting pump 
(Fig. 42) we have an appli- 
cation of the pressure of the atmosphere. This 
pump consists of a piston Z>, working air tight in 
a cylinder HK^ to 
which is attached 
a pipe of smaller H_ 
diameter, closed by 
the valve A. Sup- 
pose the pump to be inserted in the 

water at i, and the piston to be at 

the bottom of the cylinder. On 

raising the piston the weight of the 

air closes the valves B and in the 

piston, and the air in the small pipe 

expands, raises the valve -4, and 

passes in to fill the vacant space in 

the cylinder. The pressure of the 

air in the pipe is diminished and 

the hydrostatic pressure due to the 

weight of the atmosphere drives fio. 42. 

the water up into the small pipe. On the downward stroke 



J5 



Fig. 41. 
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the air in the cylinder closes the valve -4, and escapes through 
the valves B and C into the outer air. By the second and 
succeeding strokes of the piston, the air below is still further 
rarefied, until the water rises above the valve -4., passes above 
the piston through the valves B and C on the next downward 
stroke, and is finally lifted to /S, where it flows out. Since the 

density of mercury is 13.6 
times that of water, it follows 
that the pressure of the atmos- 
phere will support a column 
of water 13.6 times the baro- 
metric height ; or 30 in x 
13.6 = 34 ft. This would re- 
present the maximum effect to 
be obtained from the pressure 
of the air ; as a matter of fact 
an ordinary pump [will not 
raise water much more than 
26 ft. 

The force pump (Fig. 43) is 
provided with a solid piston 
Z, and a second pipe is at- 
tached to the cylinder above 
the valve V^. This pipe leads 
to an air chamber «/", into which the water is driven on the 
down stroke of the piston, and retained there by a valve F^. 
An outlet pipe fitted with a nozzle delivers the water driven 
out of the air chamber by the force of the compressed air; in 
other respects the working of the pump is similar to that of the 
lifting pump. The advantage of the air chamber is that it 
produces a steady stream from the nozzle instead of an inter- 
mittent one. 

74. The Siphon. The siphon (Fig. 44) is an instrument 
for transferring liquids from one vessel to another at a lower 
level. It consists of a bent tube, with arms of unequal length 
filled with liquid and inverted with the shorter arm in the 
vessel from which the liquid is to be transferred. The distances 
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a and b, from the surfaces of the liquid ia the yessels to the 
highest point of the bend of the tube, represent the two columns 
of liquid in motion. 

Let h be the height of the column C 

of liquid which the atmospheric 
pressure will support at the time 
and place of the experiment, and d 
the density of the liquid. Then the 
pressure to the right, on a plane 
through 0, the highest point in the 
tube, is 

hds-adg (171) 

and the pressure to the left is 

Kdg - bdg (172) 

or the difference in pressure tending 
to produce flow is 

ikdg- 




adg}- 



= (h- a)dg 



(173) 



If a equal b, the flow ceases. If a be greater than b, the 
liquid flows in the opposite direction. 




75. The Air Pump. The action of the air pump is essentially 
the same as that of the common lifting pump. 

In addition to the parts described (Art. 73) the air pump is 
fltted with an automatic valve A (Fig. 45), which opens at the 
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up stroke of the piston and closes on each down stroke. This 
is effected by making the valve -4, in the form of a conical plug 
attached to a rod passing through the piston, which slides upon 
the rod with a small degree of friction. By this means the 
valve A is opened to admit air from the receiver, which by 
reason of its diminished density would be unable to lift the 
valve by its expansive force. A manometer F shows the 
degree of exhaustion in the receiver as the action of the pump 
proceeds. Owing to unavoidable wear and consequent leakage 
in the pump itself, it is impossible to secure a high degree of 
exhaustion with a mechanical air pump of the ordinary type. 
For work requiring a high degree of exhaustion, as in the 
production of Geissler or Roentgen tubes, a mercury air pump 
is employed. Such pumps are usually made almost entirely of 
glass, and the piston is a column of mercury, which, on rising, 
fills a large bulb, expelling the air through a barometric manom- 
eter. On descending, the air from the vessel to be exhausted 
enters the bulb through a glass-mercury valve, and expanding, 
fills it at a much diminished pressure, only to be forced out as 
before by the liquid piston. By the use of such pumps pres- 
sures of one millionth of an atmosphere are readily attainable. 
For such purposes a variety of forms of the mercury pump 
have been devised, the idea in each case being to secure rapid 
automatic action. 

76. Weight and Density of Air. Galileo satisfied himself 
that air had weight by weighing a glass globe first filled with 
air at ordinary pressure and then filled with air under high 
pressure. The experiment is ordinarily performed to-day by 
weighing a stout glass balloon when filled with air and then 
when the air has been exhausted. A liter of ordinary air, 
containing 0.04% of carbon dioxide, under the standard condi- 
tions of 0° C. and 76 cm pressure, weighs 1.293 g. Hence 
the density of air is 0.001293 g per cubic centimeter. 

In the use of a delicate balance it is frequently necessary 
to correct the weighings for the buoyancy of the air in which 
the substance is weighed, in accordance with the principle of 
Archimedes. Thus let w be the weight of the body weighed, 
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vf the weight of the brass weights, and a and a' the buoyant 

force of the air upon the body and weights respectively. Then 

for equilibrium 

w; — a = w' — a' 

or w ^'of •\- a — v! (l'^4) 

Thus the correction to be added to the weight of 25 g of 
cork, whose density is 0.25 g per cubic centimeter is obtained 
as follows : 

a = ~ X 0.001293 = 0.1293 g 
0.25 ^ 

a' = 1^ X 0.001293 = 0,0038 g 
8.5 ^ 

Or the correction to be added is 125 mg. 

77, Boyle's Law. Mention has already been made of the 
work necessary to compress a gas in a cylinder, and of the 
resistance offered by a gas to any force tending to decrease its 
volume. The relation between the volume of any mass of gas 
and the pressure exerted by the gas upon the walls of the con- 
taining vessel was first stated by Robert Boyle in 1662, although 
its far-reaching importance was more fully realized by Mariotte^ 
a French physicist, who rediscovered the law, independently, in 
1676. , 

Boyle's law states that, at a constant temperature^ the volume of . 
a body of ga% varies inversely as the pressure to which it is subjected. 
Thus if Pq and Vq be the initial pressure and volume of a mass 
of gas, and p and v the final pressure and volume, then 

pv = PqVq = constant (I'i^S) 

or for a constant temperature^ the product of the pressure and 
the volume is a constant. Since the density of any body varies 
inversely as the volume, the law may be stated in another way, 
viz. : 

E=^=: constant (176) 

d ^ d^ 

or the pressures are directly proportional to the densities. 

/J /^St^ ^;X/-' Will-' Ui't ( Y^U^^y^ <'^'^«.^. ^ ^'^A/ -U.; /J^^' 
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Careful experiments have shown that for high pressures or 
low temperatures, Boyle's law is only approximately true. 
Thus it has been shown that all gases may be liquefied by the 
application of pressure and the reduction of the temperature. 
As the gas approaches the point of liquefaction, the variation 
from the law is most noticeable. Gases which can be liquefied 
by pressure at ordinary temperatures, such as chlorine, sulphur 
dioxide, and carbon dioxide, can hardly be said to obey the law 
at all for small differences in pressure, while for gases like 
nitrogen, oxygen and hydrogen, the law is very nearly true at 
ordinary temperatures. 

An ideal or perfect gas would obey Boyle's law at all tem- 
peratures, and in general it may be said that the farther 
removed any gas is from its point of liquefaction, the more 
nearly it behaves as a perfect gas. This departure from the 
law by all gases when near the point of liquefaction has been 
attributed to the action of two causes : (a) The attraction of 
the molecules of the gas for each other. This would increase as 
the compression increases and therefore assist the compression. 
(J) The size of the molecules, which would tend to retard the 
compression of the gas. More complete formulae for the 
behavior of a gas under varying pressure and temperature 
have been proposed by Van der Waals (see Art. 219), Clau- 
sius and others. 



CHAPTER VIII 

FLUIDS IN MOTION 

78. Velocity of Efflux. When a small opening is made in 
the side of a vessel filled with liquid, at a distance h below the 
surface, the liquid flows out with a definite velocity v, where 

This formula for the velocity of a liquid issuing under pres- 
sure due to a head h is known as TorricelW% theorem. It may 
be demonstrated as follows: Suppose a particle of liquid of 
mass m to be situated in the surface of the liquid. Its poten- 
tial energy with respect to the orifice is mgh. In passing from 
the surface of the liquid to the orifice it has fallen a distance A, 
and, if we neglect the viscosity of the liquid, its kinetic energy 
on emerging from the orifice must equal its potential energy 
at the beginning, or 

= mgh (177) 



mv 



2 



whence, as before, 

If a be the area of the orifice, then F, the volume of liquid 
discharged in time f, would be 

r= avt (178) 

In practice this rate of discharge is never reached. If the 
opening be a simple orifice in the side of the vessel, without 
mouthpiece of any sort, the volume of liquid discharged is 
about 0.62 of the theoretical value. This difference is due to 
the convergence of the lines of flow, producing a contraction of 
the jet just outside the orifice, whereby the actual cross section 
of the stream at this point is much reduced. By using a short 
H 97 
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cylindrical mouthpiece, of length two or three times its diam- 
eter, and set flush with the inside of the vessel, the flow may be 
made 0.82 of the theoretical value ; while by so shaping the 
mouthpiece as to conform most closely to the form of the con- 
tracted jet, a velocity but little short of V2^A is attained. 

79. Velocity of Effusion for Gases. Consider a vessel filled 
with gas, and having an orifice at one side of cross section a, 
from which the gas escapes with a velocity v. Let the density 
of the gas be d g/cm^ and the pressure be p dynes/cm^, above 
that of the air. The volume of gas delivered in t sec will 
then be avt cc, and the mass avtd grams. The kinetic energy 

of the escaping gas will be — - — ergs. If the gas be allowed to 

do work by pushing back the surrounding air, then the work 
done on the air must equal the kinetic energy of the gas, if we 
assume the outflow to take place so slowly that the gas is not 
cooled below the temperature of the surrounding air. The 
work will then be the product of the force ap and the distance 
vt^ or 

^ = apvt (179) 



whence 



-N/f (180) 



or the velocity with which a gas effuses through an opening 
varies directly as the square root of the difference of pressure 
on the two sides of the opening and inversely as the square 
root of the density of the gas. 

From this it follows that two gases effuse through the same 
opening, under the same difference of pressure, with velocities 
inversely as the square roots of their respective densities. Bun- 
sen has utilized this principle to compare the densities of gases 
by observing the time required for the same volume of the 
various gases to effuse through the same opening under the 
same difference of pressure. 

If the pressure p be expressed in terms of a column of the 
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gas extending h cm above the orifice, equation (180) then 
becomes 

i; = J?^ = V2^ (181) 

80. Flow of Liquids through Tubes. If instead of a metal 
tube, an elastic tube of rubber be attached to the orifice of the 
discharging vessel, the efflux is the same as that by a rigid tube 
of the diameter assumed by the elastic, tube, 90 long as the flow 
i% uniform. If, however, the flow by any means be made to 
assume an intermittent or pulsating character, the discharge 
from the elastic tube is notably larger than from the rigid tube. 
The nature of the discharge is also modified, in that the stream 
from the rigid tube reproduces faithfully every feature of the 
pulsating impulse, while the elastic tube rapidly smooths out 
the inequalities of pressure, so that in an elastic tube of suffi- 
cient length the pulsation disappears entirely. This fact is of 
importance in explanation of the flow of the blood through the 
arteries, the coats of which are extremely elastic. 

Again, the flow of liquids through tubes is much retarded 
on account of friction, not only among the particles of the liquid 
but between the liquid and the walls of the tube. This latter 
friction is much the more important of the two, and increases 
rapidly with the roughness of the walls of the tube. The flow 
of a river is greatest at the center of the stream, and at the sur- 
face of the water, where the effect of friction from the bed and 
banks is as small as possible. 

In a vertical tube the liquid column breaks into a series of 
liquid masses fitting the tube more or lesb perfectly. These 
masses acquire an increasing velocity in their descent and act as 
liquid pistons fitting the interior of the tube. A partial vacuum 
results and the water is forced into the pipe more rapidly on this 
account. The effect of this exhaustion causes the noisy draught 
with which the last portions of water leave a wash basin or a 
bath tub, where the waste pipe is long and free. This action 
of vertical waste pipes is also liable to draw out the water from 
the siphon traps, and leave the way open for the entrance of 
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poisonous sewer gas. For this reason all waste pipes from 
basins, closets, bath tubs, etc., are now required to have sepa- 
rate vent to the outside air. 

This reduction of pressure by liquids in vertical tubes is 
utilized in the Bunsen air pump, where a vertical column of 
water of more than 34 ft is made to exhaust the air from a 
receiver ; the limit of the exhaustion being of course the pres- 
sure equal to the vapor tension of water at the existing tem- 
perature. In the Sprengel pump the liquid is mercury. This 
has two advantages : it requires a vertical column but 30 in 
long, and the vapor tension of mercury is practically negligible. 

81. Flow in Pipes of Variable Section. In a tube of variable 
cross section the flow of liquids presents some interesting 

features. In Fig. 46 the 
variation of the pressure 
exerted by the fluid upon 
the walls of the tube is 
shown by the manometer 
tubes. It is thus seen 
that in a tube of variable 
cross section running full 
of liquid, the pressure is 
greatest in the widest 
part of the tube and 
least in the narrowest part. This somewhat surprising result 
is easily explained by considering the conditions of flow in 
the different parts of the tube. It is readily seen that with 
steady flow the velocity is greatest where the cross section 
of the stream is least, and vice versa. The liquid in passing 
from a wider to a narrower part of the tube must, there- 
fore, undergo an acceleration, since for steady flow the same 
volume must pass any section in the pipe in the same time. 
To produce this acceleration the pressure on any section 
must be greater from behind ; similarly, in passing from the 
narrower to the wider part of the tube, the velocity decreases^ 
or the acceleration is negative ; hence the pressure is greater 
from before than from behind^ so that the pressure is greatest 




Fig. 46. 
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in the widest part of the tube and least in the narrowest 
part. 

82. Jet Pump. The reduction of pressure within a. con- 
tracted stream has been applied in the construction of many 
aseful pieces of apparatus. In Fig. 47 is seen a 
common form of aspirator or jet pump as used in 
the laboratory. Water entering tlirough the 
tube E, under hydrant pressure, passes through 
the constricted inner tube at A, and flows out at 
D. Owing to the small cross section of the 
stream at A, the velocity is very great, and the 
pressure is so much reduced that the air from 
the tube £ is drawn along through the con- 
stricted portion in a torrent of small bubbles 
and carried down the tube 1}. With a well- 
constructed pump of this kind, a vacuum of 
about 5 cm of mercury may be obtained, with 
water from the city water mains. Obviously 
the pump will work equally well if the water enters at B, and 
the air through E. 

This pump has been adapted to numerous uses. The filter 
pump of the laboratory, the atomizer for spraying of per- 
fumes or medicines, the injector in steam boilers, and the forced 
draught as used on locomotives are all different forms of this 
apparatus. 

Pioblems 

1. Find the neight oo the bottom ot a tank 10 ft square and 5 ft deep, 
when full of water. Find the force on one side of the same tank. 

2. A triangular plate is immersed vertical); ia water, with the vertex 
in the surface of the water and the base horizontal. The height and base of 
the triangle are each 50 cm. Find the force ou the face of the plate. 

3. What is the density of a bod; whose mass is 678 g, if it weigh 235 g 
when immersed in a fluid whose density ia IM g per cubic centimeter? 

4. A piece of wood of denaity 0.6 g per cubic centimeter floats] on 
water. The volume of the wood is 40 cc. What ia the volume of^e 
water displaced ? 
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5. A body having a density of 2.35 g per cubic centimeter weighs 
624 g when immersed in a liquid whose density is 0.827 g per cubic centi- 
meter. What is the mass of the body ? 

6. If the density of ice be 0.9179 g per cubic centimeter, and of sea 
water be 1.025 g per cubic centimeter, what portion of an iceberg is above 
water? 

7. A piece of silver and a piece of gold ore are suspended from the ends 
of a balance beam having equal arms. The balance is in equilibrium when 
the silver is immersed in alcohol (sp. gr. 0.85), and the gold in nitric acid 
(sp. gr. 1.5). If the specific gravities of the gold and silver be 19.3 and 10.5 

• respectively, find the ratio of their masses. 

8. A U-tube is partly filled with water. How many centimeters of oil 
having a density of 0.79 g per cubic centinieter must be added in order to 
raise the water in one leg 4.5 cm above its first level ? 

9. Twenty-four cubic centimeters of gas at a pressure of 71 cm of mer- 
cury would have what volume under a pressure of 76 cm ? 

10. A liter of air under normal conditions of temperature and pressure 
weighs 1.293 g. Find the weight of the air in a liter flask when the barom- 
eter stands at 72 cm, the temperature being 0° C. 

11. To what depth must a diving bell 6 ft high be immersed in order 
that the water may rise 4 ft within it ? 

12. A glass tube used for sounding is 38.1 cm long and open at the lower 
end. The inside is covered with a soluble pigment, and the tube lowered 
to the bottom, in sea water, density 1.03 g per cubic centimeter. On rais- 
ing it to the surface it is found that the water had entered the tube to a 
depth of 23.6 cm. Find the depth of the sea water. 

13. A vessel filled with water has a circular orifice 6 cm in diameter, 
298 cm vertically below the surface of the liquid. If the water be main- 
tained at its initial depth, by supply from without, calculate the theoretical 
discharge per minute. 

14. A picture of mass 4 kilos is suspended in the ordinary way by a cord 
fastened to two hooks and passing over a smooth nail. The hooks are 
45 cm apart and the cord is 120 cm long. Find the stretching force in the 
cord. 



MOLECULAR MECHANICS 
CHAPTER IX 

SURFACE PHENOMENA 

83. Molecular Forces. By molecular forces are meant all 
those forces whose range of action is confined to insensible dis- 
tances; that is, to distances comparable to the spaces between the 
individual molecules of a solid or a liquid. Under this head be- 
long the forces of adhesion, cohesion, friction, viscosity, elasticity, 
capillarity, and surface tension ; and although certain of these have 
been mentioned in previous topics, it seems proper to classify 
them here under the general term molecular for ce9. 

The magnitude and importance of these forces are apt to be 
underestimated. It is owing to the action of molecular forces 
that any solid body is not only kept from falling to pieces of its 
own weight, but is able to resist the application of enormous 
stress as well. A clean glass tube cautiously lowered to the 
surface of clean water exhibits no attraction for the water, and 
causes no change in its upper surface so long as there exists any 
appreciable distance between them. But if the glass tube touch 
the surface, the water promptly runs up into the tube and clings to 
the outside, so that when the tube is withdrawn, a drop of water 
hangs to the lower end and the force of gravitation is unable to 
pull it off. Clearly we have here to do with forces, in comparison 
with which the force of gravitation is weak and insignificant. 

The attraction between unlike molecules^ as between those of 
water and glass, is called adhesion; that between like molecules^ 
as between those of water and water, is called cohesion. These 
are in reality only different names for the same thing, viz.: 
molecular attraction, and it is to be noted that this attraction is 
exhibited only so long as the substances are in contact; that is, 
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it acts through insensible or molecular distances. From a study 
of the behavior of gases we are led to believe that elasticity is * 
due to molecular forces and molecular motions, and that the same 
is equally true of capillarity, surface tension and viscosity. 

84. Adhesion and Cohesion. If two smooth, freshly cut sur- 
faces of lead be firmly pressed together with a slight twisting 
motion, they cling together with considerable force, but having 
once been pulled apart they can be made to stick again only by 
application of sufficient force to bring the surfaces into close 
contact. A pair of glass plates, if highly polished, plane and 
free from dust, may be pressed together so firmly that it is im- 
possible to separate them without rupture. That this is not due 
to the pressure of the air is shown by the fact that the plates 
cling together more firmly in a vacuum than in the open air, 
owing to the removal of the air film between the plates. 

The adhesive action of glue, cement, mucilage and such sub- 
stances renders it possible to unite two bodies so firmly that they 
break before separating. Dissimilar substances are united with 
difficulty, owing to their different rates of expansion or con- 
traction when heated or cooled. Thus it is impossible to seal 
an iron or copper wire into a glass tube, since the metal and the 
glass have different rates of expansion ; platinum, on the other 
hand, and certain alloys of nickel and iron may be sealed into 
glass, since they expand and contract at the same rate as the 
glass. For the same reason different kinds of glass frequently 
cannot be made to hold when sealed together. 

Gases adhere to solids with great tenacity. It is almost im- 
possible to free a glass tube from the adhering film of air, and 
consequently in the making of barometers, thermometers, and 
vacuum tubes of any description the air film is removed from the 
inner surface of the glass only by repeated heating and pumping. 

The cohesive force of water is illustrated by hanging a clean, 
smooth glass plate to one arm of a balance so that it is horizon- 
tal, and bringing under it a jar of clean water. On touching 
the under side of the plate to the water, taking care to avoid 
air bubbles, it will be found necessary to add a relatively large 
weight to the opposite scale pan in order to pull the disk squarely 
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away from the water. When the disk is pulled away it is found 
that the under surface is wet, thus showing that the attraction 
between the aoUd and the liquid is greater than that between 
the particles of the liquid. This is true in all cases where a liquid 
toett a solid. 

If mercury be used instead of water, it is found that a greater 
force will be needed to pull the plate away from the mercury and 
also that the under aide of the plate is now dry. In the latter 
case we find that the attraction between the solid and the liquid 
is less than the attraction between the particles of the liquid, as 
is always the case where a liquid does not wet a solid. 

85. Capillary Phenomena. If a solid be immersed in a 
liquid which wets it, the liquid rises about the sides of the 
solid, and the surface of the liquid is concave upward. If the 
solid be in the form of a tube, the liquid rises into the tube to a 
certain height, which varies inversely as the diameter of the tube, 
and forms as its upper surface in the tube a meniscus of liquid 
with its eoneave side upward. If the liquid do not wet the solid, 
it is depressed about the solid, or in cass of a tube it is de- 
pressed to a certain depth, varying inversely as the diameter 
of the tube, below the level of the liquid in the v^sel, and the 
surface of the meniscus is 
convex upward. Since 
phenomena of this class 
are most clearly shown in 
the case of fine, hairlike 
tubes, they are called cap- 
illary phenomena, from 
capillus, a hair. Fig. 48 
shows the action when 
clean glass tubes are 

immersed in water and 

no. w. 
mercury respectively. 

The principal facts concerning capillary phenomena are 
briefly these : 

(a) In tubes of less than 2 mm in diameter the elevation or 
depression varies inversely as the diameter of the tube; 
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(6) The elevation or depression is independent of the pres- 
sure to which the liquid is subjected, and also independent of 
the thickness of the tube. 

((?) An increase in the temperature of the liquid caitses a 
decrease in the elevation or depression of the capillary column. 

(d) The elevation or depression depends upon the nature 
of the liquid and tube in contact. Clean water on clean glass 
gives an elevation greater than that of any other liquid, while 
pure water in a steel tube or against a silver plate gives neither 
elevation nor depression. 

Examples of capillary action are seen in the action of blotting 
paper absorbing ink, in the lamp wick supplying the flame with 
oil, and in the swelling of a tub or barrel if filled with water 
when about to fall to staves. A cotton or hemp rope, if wetted, . 
absorbs water, increases in diameter and diminishes in length ; 
at the same time the temperature of the rope rises from 2° to 
10^ C. Workmen drive wedges of dry wood tightly into holes 
or slits cut in large stones and then wet the ends of the wedges,^ 
The increase in the size of the wedge is sufficient to burst the 
stone. 

Besides the capillarity of liquids there seems to be an analo- 
gous phenomenon in the case of metals. Joseph Henry dis- 
covered that mercury would siphon through a bar of lead as 
water through a towel, and silver has been shown to pass into 
the pores of copper when the two metals are heated. 

86. Molecular Range. In accordance with the assumption 
that molecular forces are exerted over insensible or molecular 
distances, it follows that each individual molecule becomes a 
center from which it exerts its molecular attractions and re- 
pulsions over the number of molecules included in its sphere of 
influence. Let the radius of this sphere be € ; then e denotes 
the limit beyond which the molecule neither influences nor is 
influenced by its neighbors. Within this sphere, however, it 
is attracted equally on all sides and hence remains in equi- 
librium. 

In order to determine the value of this quantity €, Quincke 
employed a glass plate (Fig. 49), one half of which was coated 
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with a wedge-shaped layer, J. (7, of pure silver. On inserting 
the plate in water, with the silver film vertical (Fig. 50), the 
water rose against the glass above the level of the water in the 
dish to a definite height indicated by D. 
At the beginning of the silver film (7, the ^|[ 1-P 
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Fig. 50. 



elevation gradually fell away with in- 
creasing thickness of the silver, until at a 
point -B, where the thickness reached a value of 0.000005 cm, 
the angle of contact became 90° and the capillary eflfect disap- 
peared entirely. At this point the mole- 
cules of the glass ceased to influence the 
molecules of water through the silver, 
hence the value of e, the molecular range, 
is commonly given as 0.000005 cm. 

Recent investigations by Chamberlain 
show that this value is much too large, and 
that the true value of € is 0.00000015 cm. 

87. Surface Tension. It has been shown 
that within the limiting distance € the molecules attract their 
neighbors and are attracted by them, and that a molecule situ- 
ated in the body of a liquid will be in equilibrium by virtue of 
the equal attractions on all sides. Consider now a molecule 
nearer the surface of a liquid than the molecular range e. In this 
case the horizontal attractions will be 
equal in all directions, but the vertical 
attractions are unequal ; the resultant 
being an unbalanced component toward 
the interior of the liquid. At the sur- 
face of the liquid this resultant force, 
normal to the surface, reaches a maxi- 
mum, and the mass of the liquid (Fig. 
61) behaves as if surrounded by an 
elastic bag under stress, tending to contract indefinitely and 
compress the liquid into as small a volume as possible. This is 
due to what is known as iurface tension. 

The surface of a liquid is therefore a seat of potential energy, 
since in order to force a molecule from the interior of the liquid 
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out into the surface film, work must be done in moving the 
molecule through the distance e against the forces tending to 
draw it back into the interior. An increase in the area of the 
surface film, therefore, means an increase in its potential energy, 
and since potential energy always tends to become a minimum, 
it follows that if a liquid mass be freed from the action of other 
forces, it will assume a form such that its surface will be a mini- 
mum, and its volume a maximum ; that is, it will assume the 
form of a sphere. This condition is readily realized by placing 
drops of olive oil in a mixture of alcohol and water of the same 
density as the oil. The drops are thus freed from the action of 
gravity and float as spherical globules in a medium of their 
own density. If by any device the globule be prevented from 
assuming a spherical form, it will still take a form present- 
ing the minimum area consistent with the conditions imposed 
upon it. 

Surface tension is exemplified in the shape of the dewdrop, 
in the forms of falling drops of liquid, and in the manufacture 
of shot, where molten lead, poured through a fine sieve at the 
top of a high tower, is broken up into small globules which 
harden as they fall through the air, and are caught in a tank of 
water beneath. 

Again, small heavy bodies that are not wetted by a liquid 
may be placed upon the surface of the liquid and float upon the 
surface film. Thus needles may be made to float upon water, 
so long as the film is not broken^ in which case they sink at once. 
The same principle is illustrated in the case of small insects 
which run upon the surface of the water, their slight weight 
being insufficient to break through the surface film. 

88. Experiments on Surface Tension. If two small pieces of 
wood be floated near each other upon the surface of clean water 
and a drop of oil be touched to the water between them, they 
fly apart to the sides of the vessel, as though drawn by a spring. 
The addition of the oil reduces the surface tension of the liquid 
film at that point, and the water film tears apart. 

If a plate of clean glass be wetted with clean water, the water 
will spread out into a thin layer over the entire plate. If the 
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plate be not absolutely clean, the water wiU gather up into 
irregular masseB with rounded edges. If now a drop of alcohol 
be touched to the water layer, the water film wiU be seen to 
break at the point of contact, and gradually draw away from 
the alcohol drop, leaving a dry space on the plate around that 
point. 

If a ring of stifE wire (Fig. 52) be dipped into a soap solu- 
tion and withdrawn, a film of the solution will adhere to it for 
several minutes. In this film, 
which is really two filma placed 
back to back, may be seen the 
motion of tlie liquid particles 
seeking new positions as the 
tension in the him changes. 
If we drop a loop of silk thread 
upon this film, it floats about 
freely upon it ; if the film in- 
side the loop be broken by 
touching it with a hot wire, 

the loop suddenly flies out into a circular form, showing that 
the tension in the fllm is equal in all directions. This circular 
loop still floats freely in the film, and behaves like an elastic 
hoop of steel. 

If small pieces of clean gum camphor be throw upon the 
surface of clean water, the little particles begin a most lively 
and erratic motion. Each little piece spins with great vigor 
and at the same time sweeps over the surface, the larger ones 
gathering in the smaller ones. The gum camphor dissolves 
slowly in cold water, and the surface tension of the water film 
is thereby weakened. The spin is due to unequal dissolving on 
the surface of the camphor particle. If the water be warmed, 
it spins faster ; if the surface be touched with a trace of oil, 
the motion ceases instantly. 

If several small, clean, wood or paraffin balls be thrown upon 
clean water, they seem to attract each other and collect into a 
little cluster. If a number of similar balls be smoked with 
lampblack and then placed in the same dish, they also attract 
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each other, but the clean balls and the smoked balls seem to 
avoid each other. 

A small cylinder of fine wire gauze, if immersed in water 
and lifted out in a horizontal position, retains the water in it 
and may be carried about the room. On breaking the water 
film at one point in the gauze by blowing upon it, the water 
begins to run out. The flow may be checked by shaking the 
water so as to restore the film, thus preventing the entrance of 
the air. 

89. Measurement of Surface Tension. If a liquid exist in 
the form of a free film, then the two sides of the film exhibit 
surface tension in like degree and the film tends to contract 
indefinitely unless prevented by the application of an external 
force. If such a film be formed by dipping a rectangular 
frame of fine wire into a liquid and carefully raising it so as to 
keep its two sides vertical, the film tends to contract and draw 
the frame back into the liquid unless this contractile force be 
balanced by an external force. This affords a means of meas- 
uring surface tension. 

If now frames of different width be taken and the forces 
needed to keep the frames in equilibrium be determined in 
each case, it will be found that the force is always proportional 
to the width of the double film. Let I represent the width of the 
frame, then the contractile force of the film is 

F=Tx2l (182) 

where 7 is a constant for any given liquid and is called the 
surface tension or the capillary constant of the liquid. It is to 
be noted that in the case of surface tension, the term tension is 
used in the sense of force per unit length rather than force per 
unit area as usual. The unit of surface tension is one dyne 
per centimeter. 

The following table shows the value of the surface tension 
in dynes per unit width of film, for the various substances 
mentioned. The values are mostly those given by Quincke. 
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TABLE V 



Surface Tensions of Various Substances 



Mercury against air . 
Water against air . 
Olive oil against air 
Alcohol against air . 
Mercury against water 
Olive oil against water 
Turpentine against water 



535.0 
81.0 
36.9 
25.5 

418.0 
20.6 
11.6 
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90. Capillary Action as Related to Surface Tension. Let a 
tube of radius r (Fig. 53) be inserted in a 
liquid density d. Let the mean elevation of 
the liquid be A, and the angle of contact with 
the tube be a. Then the vertical component 
of the force due to surface tension T must be 
balanced by the weight of the liquid column 
of height A. 

The width of the film around the tube is 
2 ITT cm, and the total force in the direction 
indicated is 2 irrT\ the vertical component is 
2 7rrTcos a. 

The weight of the liquid supported is 
irr^hdg ; hence for equilibrium we have 



<. 



Fig. 63. 



whence 



irr^hdg =2 7rrT cos a 

, 2T 

n = — — cos a 

rag 



(183) 
(184) 



For clean water on clean glass, the angle of contact is ap- 
proximately zero, and 

A = ^ (185) 

rdg 

For mercury, a is about 132° ; h is negative, and the surface 
is depressed. 

When we consider that the surface tension 7, decreases with 
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increase of temperature, it is seen that the above formula 
accounts for the inverse relation between capillary action and 
temperature. 

For the elevation between two parallel plates distant u from 
each other the computation is similar to that above. The 
elevation or depression is 

2 T cos a 



A = 



udg 



(186) 




Fig. 54. 



substances. 



or one half as great as for a tube of diameter u. 

If two plates be joined at one edge and inserted in the 

water, the liquid rises high along the line of 
contact and falls off as the plates separate. 
The upper line of the fluid takes the form of an 
hyperbola, as shown in Fig. 54. 

91. Angles of Contact. From the table in 
Art. 89, it is seen that there exists at the sur- 
face of separation between a liquid and a gas, 
or between two liquids, a surface stress or sur- 
face tension which is a constant for the same 
Thus there exists in the surface film of olive 
oil in contact with air, a surface tension of 36.9 dynes per centi- 
meter width of the film, while for water and air the surface 
tension is 81 dynes per centimeter width. If now a liquid be 
brought into contact with a second liquid in the presence of air, 

.then for equilibrium, the three surface tensions should form a 
triangle of forces, and theoretically the 

angles between the forces should be 
constant. If, however, one of the forces 
should chance to be greater than the 
sum of the other two, then clearly no 
triangle is possible, and the system can- 
not come to equilibrium. 

Thus in Fig. 55 is shown a drop of oil placed upon the sur- 
face of clean water. Then at any point upon the length I of 
the horizontal edge of the drop there are acting the three 
forces, aTJ between the air and the water, ^^J between the air 
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and oil, and ^TJi between the oil and water, directed in each 
case as indicated by the arrows. But from the table 

oy«, = 81 dynes per centimeter width 
aT^ = 36.9 dynes per centimeter width 
<,y,p= 20.6 dynes per centimeter width 



hence 



,T^>,T,^,T^ (187) 



This shows that when a drop of oil is placed upon clean 
water, the surface tension between air and water is so great as 
to overbalance the other two surface tensions combined, and 
the oil is dragged out in all directions, forming a film of in- 
finitesimal thickness over the entire surface of the water* 

If a liquid meet a solid in the presence of air, it will in 
general meet it in a definite angle which is constant for the 
two substances. This angle is called the angle of contact^ and 
depends upon the nature of the substances in question. For 
pure water on clean glass the angle of contact is approximately 
zero. For pure water on clean steel or clean silver the angle 
of contact is about 90°. For clean mercury against clean glass 
it is about 132°. 

92. Behavior of Films. If a film of soap solution be made 
to assume a curved form, there will always result a normal 
pressure directed towards the concave side. It may be shown 
mathematically that for a single cylindrical film, of radius iJ, 
and surface tension T^ the normal pressure toward the curved 
side is given by the equation 

P = | (188) 

In words this equation says that the normal pressure in a 
curved film is directly proportional to the surface tension, T^ 
and inversely as the radius of the film, R. In general the cur- 
vature of any surface at any point may be expressed in terms 
of two radii of curvature, the planes of curvature being at 
right angles to each other. If R^ and R^ be these radii, then 



114 COLLEGE PHYSICS 

the normal pressure of any curved film is the sum of that due 
to each curvature separately, or 



'Ki,^k) <^««> 



In a soap bubble the two radii are equal, and there are also 
two films back to back, hence the normal pressure exerted upon 
the air enclosed in a bubble is 

i' = 4| (190) 

If the film is free to the air on both sides, the normal pres- 
sure must be zero. In a curved film this is possible only if 



This means that 



VjBj JB2/ 



(191) 



B^^-B^ (192) 



or that the radii are equal and on opposite sides of the film ; 
that is, the film is saddle-shaped. 

Again, since this normal pressure is directed toward the con- 
cave side and varies inversely as the radius, we are able to 
understand the motion of drops of water and of mercury in 
conical tubes. The water will move toward the smaller end of 
the tube ; that is, in the direction of the greater normal pres- 
sure. For the same reason, the mercury globule will move 
toward the larger end of the tube. 

If stout wire frames, representing the outlines of geometrical 
figures be dipped into soap solution, a large number of curious 
and beautiful film figures result. Whenever three such film 
surfaces meet along a line, the included angles will all be 120% 
since the three forces are all equal. 



CHAPTER X 

SOLUTION AND DIFFUSION 

93. Solution. Closely allied to the phenomena of capillarity 
and surface tension are the phenomena of solution. Ostwald 
defines solutions as "homogeneous mixtures which cannot be 
separated into their constituent parts by mechanical means." 
Gases have unlimited power of solution. One gas dissolves in 
another in all proportions so long as they do not unite chemi- 
cally, and the homogeneous mixture manifests the sum of the 
properties of the two constituents. 

Liquids dissolve gases without exception, although the read- 
iness with which such solution occurs, varies greatly with the 
nature and condition of the substances. In a true solution of 
a gas in a liquid, the gas may be entirely removed from the 
liquid by diminishing the pressure or by raising the tempera- 
ture, and in such solutions the quantity of gas dissolved by a 
given mass of liquid is proportional to the pressure to which 
the gas is subjected. Examples of this sort of solution are 
found in solutions of carbon dioxide, of air, or of ammonia gas 
in water. In other cases, as in the solution of hydrochloric acid 
gas in water, the dissolved gas is not entirely removed from the 
liquid, and it is assumed that a chemical change has resulted. 

The solution of one liquid in another occurs in many cases, 
but is dependent upon the nature of the substances. Here also 
there are two distinct classes of solution. Thus some liquids, 
as alcohol and water, dissolve in all proportions, forming a ho- 
mogeneous mixture. Ether and water, on the other hand, dis- 
solve in each other, hut in limited proportions. Thus water will 
dissolve about ten per cent of ether, but if more ether be added, 
the excess remains undissolved. Ether will dissolve about three 
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per cent of water, but beyond this the water remains separate 
from the ether. 

A third division contains those liquids that do not dissolve 
in each other at all. This is a relatively small number, since 
even those liquids that seem insoluble yet leave traces in the 
solvent. Thus the fact that water when shaken with the vola- 
tile oils retains the characteristic odor of those oils seems to 
show that even here solution has occurred in slight degree. 

Again, mixtures of insoluble liquids, as water and the fixed 
oils, may be made by the addition of some such substance as 
gum acacia or gum tragacanth, in which the oils are broken up 
into exceedingly small globules that float in the water. Such 
mixtures are called emulsions. Milk is a natural emulsion. 
Some emulsions separate on standing or when subjected to 
mechanical action, as seen in the separation of cream from milk. 

94. Solution of Solids. Many solids when immersed in a 
liquid gradually disappear and form a new homogeneous liq- 
uid. The solid is said to dissolve in the liquid, and the new 
liquid is called the solution. A liquid that dissolves a solid is 
called the solvent Many salts are soluble in water. The quan- 
tity of a substance in solution may vary from zero up to a cer- 
tain limit, beyond which the solution has no further action upon 
the substance in question. Such a solution is said to be satur- 
ated. The amount of a solid that may be dissolved in any 
solvent varies with the temperature. If the temperature of a 
saturated solution in contact with its salt be changed, either 
some of the dissolved solid separates out or more of the undis- 
solved solid goes into solution. Generally a solvent will dis- 
solve more of a solid when hot than when cold although there 
are exceptions to the rule. Thus the solubility of sodium sul- 
phate increases with the temperature up to 33° C, but beyond 
that temperature its solubility decreases. 

If a solution, either by evaporation or reduction of temper- 
ature, be made to contain more than its normal quantity of a 
solid, it is said to be supersaturated. If a particle of the undis- 
solved solid be dropped into the supersaturated solution, the ex- 
cess of solid in the solution crystallizes out at once (Art. 195). 
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95. Free Diffusion of Gases. Dalton's Law. Let a tall 
glass jar be inverted and filled by upward displacement with 
illuminating gas, and placed upon a similar jar filled with air, 
with the mouths of the jars together. We shall thus have the 
two jars filled with separate gases, and since the lighter gas is 
on top, no mingling of the gases can be produced by the action 
of gravity. If now the jars be left in position for a quarter of 
an hour, we shall find, on testing the contents with a lighted 
splinter, that there is an explosive mixture of illuminating gas 
and air in each jar. This illustrates diffusion of gases, and this 
result can be explained only on the hypothesis that the molcules C 
of the gases are in motion and that they have therefore wandered 
through the entire space, the heavier gas rising into the upper 

jar and the lighter gas descending into the lower jar. 

After the gases are uniformly diffused it will be found that 
the pressure exerted by the mixture is the sum of the pressures 
exerted by its constituent parts. Thus if we allow 10 volumes 
of illuminating gas and 15 volumes of air each at atmospheric 
pressure p to diffuse uniformly, without change of temperature, 
through a space of 25 volumes, then, according to Boyle's law, 
the air would exert a pressures of 15jt>/25, and the gas lOjo/25, 
and their combined pressure, would equal that of the atmosphere 
outside. This important relation was first established by Dalton 
and is known as Dalto7i*8 law. It may be stated as follows : 
A mixture of two or more gases having no chemical action upon 
each other^ exerts a pressure equal to the sum of the pressures 
which would be exerted by each of the constituent gases separately 
if allowed to fill the containing vessel alone at the given temperature. 

It thus appears that each gas behaves as if no other gas 
were present, the only effect being a slightly diminished rate of 
diffusion, owing to the mutual molecular collisions. In general, 
the properties of such a mixture are found to be the sum of the 
properties of the various gases composing the mixture. 

96. Diffusion of Gases through Porous Partitions. Atmolysis. 
A tube, Fig. 56, is partly filled with water, and the right arm 
closed with a porous cup. Over the porous cup is lowered an 
inverted beaker filled with hydrogen or illuminating gas. 
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The water sinks in the right arm and rises in the left, showing 
an increase of pressure in the cup. After the beaker has re- 
mained in position for a minute or two, suddenly remove it. 
The water now rises in the right-hand tube and is depressed in 
the left. The explanation of these two experiments is very- 
simple. In the first, the lighter illuminating gas diffuses in- 
ward more rapidly than the air diffuses outward^ and an increase 
of pressure in the cup results. In the second case the gas now 

inside the cup, being lighter than the air out- 
side, diffuses outward more rapidly than the air 
diffuses inward^ causing a reduction of pressure 
in the cup. 

The differences in rates of diffusion for differ- 
ent gases have been utilized for separating a 
gaseous mixture into its constituent parts. 
Thus if we pass a mixture of hydrogen, nitro- 
gen and oxygen through a porous tube made 
from the stems of clay tobacco pipes, and main- 
tain a vacuum about the outside of the tube, we 
shall find that the hydrogen, being the lightest, 
will diffuse most rapidly through the walls of 
the tube, leaving the nitrogen and oxygen be- 
hind. Of course some nitrogen and some oxy- 
gen escape also, but the mixture transmitted by the tube is 
relatively richer in the heavier constituents, as indicated by 
equation (180). Rayleigh and Ramsey were able by this 
means to separate argon from atmospheric nitrogen. This 
process of separation of gases was first used by Graham, and 
was called by him atmolysis. 

97. Diffusion of Gases through India Rubber, and through 
Red-hot Metals. In 1831 Mitchell observed that toy balloons 
made of india rubber collapsed much sooner when inflated with 
carbonic acid than when filled with air or even with hydrogen. 
Graham, who studied the phenomenon, found that while one 
volume of nitrogen would pass through a sheet of india rubber 
in a given time, 2.56 volumes of oxygen, 5.5 volumes of hydro- 
gen and 13.58 volumes of carbonic acid would pass through in 




Fig. 56. 
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the same time. Also the speed with which gases pass through 
rubber increases very rapidly with increase of temperature. 

These remarkable facts do not seem to be connected in any 
intimate way with the transmission of gases through porous 
partitions. No simple relation connects the densities of the 
gases with their speeds of diffusion, as in the case of porous 
septa, and the process of transmission appears to be an entirely 
different one. The most probable explanation seems to be that 
the rubber is capable of absorbing and retaining certain amounts 
of the various gases with which it comes in contact, the amounts 
increasing rapidly as the pressure increases. After the surface 
layer of the rubber has become saturated, as it were, with the 
gas in question, this condition is then passed on from layer to 
layer of the rubber, until the outside layer is reached. Here, 
since the pressure is less, the rubber is unable to retain all the 
absorbed gas, and some of it escapes into the adjacent space. 

Red-hot metals transmit gases with great facility. The 
poisonous carbon monoxide passes freely through cast iron 
at red heat, and from the red-hot cast iron coal stove this 
deadly gas leaks into the room, almost as water from a sieve. 
Hydrogen diffuses through a red-hot platinum tube, whose 
walls are 1.1 mm thick, at the rate of 490 cc per minute for 
every square centimeter of surface. Silver at high temperatures 
transmits oxygen readily. A glowing tube of palladium, 
through which is carried a mixture of CO and H, separates 
these gases completely, the hydrogen being transmitted and 
the carbon monoxide being retained. It thus appears that 
glowing platinum and palladium act as " semi-permeable mem- 
branes " for certain gases, just as certain solid substances do 
for liquids, in that they allow some substances to pass freely 
and refuse transmission to others. This peculiarity is of great 
importance in osmotic phenomena, as we shall see later. In all 
cases of such transmission through rubber or glowing metals, 
we seem to have to do with a species of solution of the gas on 
the one side of the partition, and of evaporation of the gas from 
the other side. The same process seems to account for similar 
behavior in the case of gases and liquid films. 
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98. Free Difhision of Liquids. If two liquids that do not 
react chemically upon each other be left in contact with each 
other, they will of themselves begin to mingle at once, and 
continue until they form one homogeneous liquid throughout. 
Thus, if a solution of copper sulphate be placed in the bottom 
of a small jar, and carefully covered with distilled water, so the 
line of separation is well defined, and the jar be left undis- 
turbed for a few days, we shall see that the blue color of the 
copper sulphate has risen into the clear water above, and that 
the line of demarcation is no longer sharp between the liquids. 
The color of the copper salt at the bottom has also become 
slightly less dense than at first, and the two liquids seem tend- 
ing toward a uniform color. 

This process is called diffusion^ and while resembling the 
related phenomenon in gases, its progress in liquids is exceed- 
ingly slow. For example, if the jar containing the copper sul- 
phate in the above example be made a meter high, the lower 
half filled with the solution and upper half containing pure 
water, it would take more than ten years for the solution to 
assume a uniform color throughout. If the jar were one centi- 
meter high, it would require about ten hours, the time for uni- 
form diffusion varying as the square of the length of the liquid 
column. 

The speed at which a given solution will diffuse through the 
pure solvent depends upon the nature of the salt and of the sol- 
vent, upon the temperature, and to a slight degree upon the 
strength of the solution. From extended experiments it has 
been found that those salts having the highest electrical con- 
ductivity have also the highest velocity of diffusion. 

99. Diffusion through Membranes. Osmosis, Crystalloids and 
Colloids. As we have seen, if two solutions of different strength 
be brought into contact, a condition of equilibrium cannot, in 
general, be maintained. A movement of the dissolved sub- 
stance sets in from the concentrated to the dilute solution, and 
continues until it is uniformly distributed throughout the 
liquid. If, however, we enclose the solution in a vessel fitted 
with a manometer tube, and provided with a bottom of some 
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porous substance, as parchment or animal membrane, and im- 
merse the whole in pure water, we shall find that equilibrium 
is possible. 

The porous membrane refuses transmission to the molecules 
of the dissolved substance, while allowing the solvent to enter 
freely. As a result, the solvent crowds in through the mem- 
brane and creates an internal pressure, as shown by the rise of 
liquid in the manometer. This crowding in of the solvent con- 
tinues until the pressure reaches a definite value, depending 
upon the strength of the solution. After this, the tendency of 
the molecules of the solvent to enter the cell seems to be bal- 
anced by the internal pressure, and equilibrium ensues. 

This unequal diffusion through porous septa is called osmo- 
sis^ and the membrane is termed a semi-permeable membrane. 
The limiting pressure beyond which no more of the solvent 
enters the cell, is called the osmotic pressure for the subtance, 
at that temperature and /or that concentration. ^ 

The phenomenon may be illustrated by the following experi- 
ment. A conical vessel attached to a long tube is closed at its 
larger end by a piece of bladder or parchment 
firmly tied on. When the vessel is filled 
with sugar solution to the lower end of the 
tube, and immersed in a vessel containing 
water as shown in Fig. 57, the liquid in the 
tube rises to a considerable height above the 
level of the water in the outer vessel. 

Through the experiments of Pfeffer it was 
(Jiscovered that the best results are to be ob- 
tained by attaching the tube to a closed clay 
cell, the pores of which are filled with a pre- 
cipitate of copper ferrocyanide. The precip- 
itate is pervious to water but impervious to 
the dissolved substance. With such a cell, 
filled with a 3.3 per cent solution of potas- 
sium nitrate, Pfeffer obtained an osmotic 
pressure of 436.8 cm of mercury, or more than 5.7 atmospheres. 

Those substances which pass through animal membranes 
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most readily, such as mineral acids and neutral salts, are gener- 
ally known in the crystalline form and hence have been called 
crt/stalloids. Substances like gums, tannin, albumen, starch, etc., 
which are amorphous in character and do not pass through so 
readily are called colloids. The effects of crystalloids when dis- 
solved in water are very marked in the changes produced in the 
properties of the solvent. Thus any crystalloid dissolved in water 
diminishes its vapor pressure^ lowers its freezing point and raises 
its boiling point. Colloids, on the other hand, when dissolved in 
water produce scarcely any such effects. Colloidal solutions 
in general represent loose mechanical mixtures from which in 
many cases the substance held in solution may be precipitated 
by a slight trace of acid or alkali. When mixed with small 
quantities of water the colloids form jellies, in some of which 
the structure is so coarse as to be visible under the microscope. 
This is notably so of the colloidal solutions of the salts of gold, 
in which the suspended particles of gold form the objects for 
ultra-microscopic vision by means of transverse illumination. 
While many of these colloidal jellies transmit crystalloids al- 
most as readily as pure water, they offer great resistance to the 
diffusion of other colloids. 

100. Osmotic Pressure. We have seen that the entrance of 
water through the semi-permeable membrane into the osmotic 
cell may be prevented by subjecting the enclosed solution to 
sufficient pressure. This pressure is called the osmotic pressure^ 
for the substance in question under the conditions of the experi- 
ment, and is of great importance since the properties of the 
solution, such as its vapor pressure, its boiling and freezing 
points, are immediately calculable as soon as this pressure has 
been determined. Osmotic pressure is also intimately related 
to the transmission of fluids in the living cell of plant or ani- 
mal tissues. Thus it has been shown that such a cell when 
placed in concentrated salt solutions, has its liquid contents 
diminished by the removal of water; if placed in a solution 
whose osmotic pressure is less than that of the cell, the cell and 
its contents are distended by the addition of water. 

Oil globules of extreme smallness floating in water tend 
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more readily to pass bodily through the pores of animal mem- 
branes, if some alkali be mixed with the water, since they have 
a soapy covering and are thus passed through the pores like so 
much water. (Daniell.) 

The following conclusions concerning osmotic pressure are 
stated by Ostwald as reasonably well determined for dilute 
solutions : 

(a) The osmotic pressure depends upon the nature of the 
substance. 

(6) The osmotic pressure is proportional to the concentration 
of the solution, or inversely proportional to the volume in 
which a definite mass of the dissolved substance is contained. 

((?) The pressure for a given concentration is proportional 
to the absolute temperature. 

(<i) Quantities of dissolved substances not electrolytes which 
are in the ratio of their molecular weights exert equal pressures 
at equal temperatures. 

(e) The pressure is independent of the nature of the mem- 
brane provided the membrane be impervious to the dissolved 
substance. 

101. Dialysis. The division of substances into crystalloids 
and colloids has already been mentioned. A characteristic 
property of colloids is, that while they pass through porous 
septa with difficulty themselves^ they offer no marked resistance 
to the diffusion of crystalloids^ but are more or less impervious 
to other colloids. A result of this property is, that if a mix- 
ture of crystalloid and colloid substances be separated from 
pure water, by a colloidal membrane of a different kind, the 
crystalloids will soon diffuse into the water, while the colloids 
will remain behind. 

This principle has been applied to the separation of crys- 
talloidal poisons from a heterogeneous mass of organic matter 
in which their presence is suspected. The apparatus as em- 
ployed by Graham consists of a hoop, over one side of which 
has been stretched a piece of bladder or parchment paper, put 
on wet and held in place by a string. This is slipped inside a 
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second hoop, thus forming a shallow dish with a colloidal 
bottom. This is now floated in a vessel containing distilled 
water and the substances to be examined are placed in a thin 
layer on the membranous bottom. If crystalloids be present, 
they will diffuse through into the distilled water, while the 
colloids are left behind. The water in the lower vessel may 
then be examined for the suspected poisons by ordinary analy- 
sis. The floating dish is called a dialyzer^ and the process is 
termed dialysis. 

Problems 

1. How high will water stand above hydrostatic level in a tube 0.057 cm 
in diameter, assuming the angle of contact to be very small ? 

2. How much will the level of mercury be depressed in a glass tube 
0.067 cm in diameter, the surface tension being taken as 540 dynes per cen- 
timeter and the angle of contact as 135^? 

3. What is the pressure within a soap bubble 12.5 cm in diameter if the 
surface tension of the liquid be taken as 80 dynes per centimeter, and what 
is the total force exerted by the film on the gas within ? 



SOUIN^D 

ORIGIN AND PROPAGATION 
CHAPTER XI 

NATURE OF SOUND 

102. Definitions. Under sound are studied those manifesta- 
tions of energy which primarily appeal to the ear. This branch 
of physics has to do with the study of vibratory motion in 
ponderable, elastic media. The phenomena of sound differ 
from those of heat, light, and electricity in this respect, that 
the cause of the phenomena is definitely known, while in heat, 
light, and electricity, the cause is assumed. 

In common language the word sound is used in two distinct 
senses. It may mean the sensations reported to the brain by 
the auditory nerves, or it may refer to the external cause of 
those sensations. The psychologist and physiologist are con- 
cerned with the phenomena of sense perception. The physicist 
is interested in the external disturbance producing the sense per- 
ception; the conditions of its origin, its mode of propagation, 
and the variations in the nature of the disturbance correspond- 
ing to certain differences in the sensation produced. Accord- 
ingly sound is defined by the physicist as that form of vibratory 
motion which may be perceived by the ear* According to this 
definition sound may exist entirely independent of an ear to 
perceive or a brain to comprehend. 

103. Origin of Sound. Sound originates in a vibrating body. 
" Sound and movement," says Blaserna, " are so correlated that 
one is strong when the other is strong, one diminishes as the 
other diminishes, and the one stops when the other stops." A 
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guitar string plucked aside and released gives a musical note, 
and at the same time seems to spread out into a broad band 
with a hazy outline, which diminishes to the original size of the 
string as the sound dies away. The tremulous motion of a bell 
may be perceived by placing the hand upon it while it is sound- 
ing. A long glass tube, if grasped by the middle and nibbed 
with a moistened cloth, gives forth a soft musical note, while 
the vibratory motion may be plainly felt by the hand. The 
air column in an ordinary tin whistle is thrown into vibratory 
motion when the whistle is blown. The whistle may even be 
blown by water and the instrument will give forth a soft clear 
note, produced by the vibration of the stream of water. 

104. Wave Motion. We have seen (Art. 33) that a simple 
harmonic motioii compounded with a uniform motion in a 
straight line produces a "sine curve." Such a curve (Fig, 17 6m), 




may be regarded as arising from a series of equidistant particles 
arranged along the axis M^M^ each executing simple harmonic 
motion at right angles to this axis, hut having a common dif- 
ference of phase ; that is, each particle to the right of JMJ, 
crosses the axis going in the positive direction, -^ of a period 
later than its left-hand neighbor. The result of such a system 
of moving particles is the sinuous form, known as a sine curve 
or simple wave. 

During tlie time 7", required for any ' describe a 

cumplete vibratiaii, the disturbance wil' p the right. 



the distance from jtf,, to M^: 
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vibration^ M^ begins its first. Since M^ marks the extreme 
advance of the wave disturbance at this instant, it may be 
said to lie on the wave front. By this definition special at- 
tention is directed to the limiting position reached by the 
disturbance. However, we frequently use the term wave front 
when speaking of an extended series of moving particles in 
space and, regardless of the limit reached by the disturbance, 
we are accustomed to say that a wave front is the continuous 
locus of all points in the same phase of vibration. 

The distance M^M^ is called a wave length \, and is related 
to the velocity^ Fi of the wave^ and the time of vibration, T^ of 
the particle, by the equation 

\=ry=- . (193) 

n 

where n denotes the frequency or the number of vibrations made 
by a particle in one second. 

In the case considered the particles are conceived to vibrate 
in paths at right angles to the line of propagation of the wave ; 
such a wave is termed a transverse wave. Examples are seen 
in the waves produced in a soft rope when one end is vibrated 
quickly and regularly in a line at right angles to its length. 

If the particles vibrate back and forth in the line of propaga- 
tion of the wave, the wave is called a longitudinal wave. Such 
a wave is produced by suspending a long spiral coil of brass 
wire between two fixed supports and producing a compression 
in it by forcing the spirals at one point closer together. The 
compression runs the entire length of the coil. 

105. Characteristics of Wave Motion. The fundamental char- 
acteristic in wave motion is the continuous handing on, from 
point to point, in an elastic medium, of a periodic disturbance 
maintained at the source. Such a disturbance produces a series 
of waves which follow each other at definite intervals and which 
constitute what is known as a wave train. It is to be observed 
that wave motion transfers energy from one point to another, by 
means of the motion of the particles of the medium. 

The individual particles oscillate about their positions of 



128 COLLEGE PHYSICS 

rest, while the wave form runs forward. The distinction 
between the motion of the particle and the motion of the wave 
is of fundamental importance. It may perhaps be best illus- 
trated by the motion of a wave passing over a field of grain- 
The wave form runs forward while the individual head of grain 
simply swings back and forth in a plane parallel with the line 
of propagation. 

Other characteristics of wave motion may be noted as follows : 

The disturbance requires time to travel from one point to 
another. 

A medium is required for transmission of the disturbance. 

Waves are reflected on meeting an obstacle, the angles of 
incidence and reflection being equal. 

The direction of the wave is changed, that is, the wave is 
refracted^ on entering a medium in which the speed of propaga- 
tion is different. 

Two systems of waves may be added together so as to 
reenforce each other, if crest meet crest and trough meet 
trough ; or they may be added so as to annul one another and 
produce rest, when the crests of one system meet the troughs 
of the other. This is known as the interference of wave systems. 
itvAA^ ^g^y^gg^ qjj mcctiug Small obstacles, bend round corners and 

behind the obstacles, form a series of points of maximum and 
minimum disturbance. This phenomenon is known as dif- 
fraction. 

Two waves may differ from each other in amplitude^ in wave 
length or in wave form. 

106. Characteristics of Sound. A sounding body transmits 
its vibrations to the surrounding medium and a system of sound 
waves is the result. The waves of sound are longitudinal in 
character, the vibrations of the particle taking place in the 
line of propagation. A comparison of the characteristics of 
wave motion with those of sound reveals the following points 
of similarity. 

Sownd requires time for its transmission from point to point ; 
in other words, sound travels with a definite velocity, which 
depends upon the nature and condition of the medium. Exam- 
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pies of this finite velocity of sound are seen in the interval 
elapsing between the flash of a distant gun and the report of 
the discharge ; or between the appearance of the puff of steam 
and the sound of the whistle of a distant locomotive, or in the 
case of the distant woodman who has his ax raised for a 
second blow before the sound of the former one reaches us. 

Sound requires a continuous^ elastic and ponderable medium, 
Sound is not transmitted in a vacuum. An electric bell sus- 
pended by rubber cords from the inside of a bell jar is silenced 
on the exhaustion of the air from the jar, although the clapper 
may still be seen to be moving. On readmitting the air the 
sound is heard again. Unless the medium be elastic the 
energy originally imparted to the medium by the vibrating 
body is largely lost in heat, as in the case of impact between 
inelastic solids. The medium must also be ponderable ; that is, 
it must have weight. Sound is a material phenomenon. It is 
produced by the vibrations of material particles, and requires a 
material medium for its transmission. Liquids transmit sound 
better than gases, and solids better than either. 

Sound is reflected. Whispering galleries are simply large 
rooms in which the curved surfaces of the walls or roof 
serve as mirrors for the concentration of the sound waves at 
particular points. Speaking tubes are devices for preventing 
the dissipation of sonorous energy, by confining it to a certain 
narrow space, through which it passes by repeated reflections 
from the sides of the tube. Echoes are examples of the reflec- 
tion of sound by the walls of the building, by hills or forests. 

Sound may be refracted, A large lens-shaped balloon of 
collodion film, when filled with carbon dioxide acts as a con- 
densing lens, for sound waves, and brings them to a focus by 
making the convex wave fronts concave. Beyond the focus the 
fronts again become convex outward, and the intensity of the 
sound diminishes. 

Sound waves may be m^ade to interfere. An illustration of 
this fact is the peculiar throbbing or beating effect produced 
when two tuning forks of slightly different frequency are 
sounded together. 

K 
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107. Sound Waves Longitudinal. If a bell be struck or a 
tuning fork be put in motion, the layers of air immediately 
surrounding the vibratory system are thrown into vibrations of 
the same period, amplitude and f orm^ as the vibrations of the 
sounding body. This means that when the prongs of the 
tuning fork or the sides of the bell swing outward the layers of 
air are crowded together, producing a condensation. Since in 
a gas all the particles are free to move, this condensation is 
promptly handed on to the next layer of air particles, and by 
them to the next, and so on, each layer swinging outward in 
the same manner as the sounding body, only a little later in 
time. On the inward swing of the sounding body the layers of 
air immediately surrounding the body are rarefied by the reced- 
ing body, and the pressure of the air from without promptly 
fills the rarefied space, only to produce a rarefaction where the 
adjacent layers had been. In this way the rarefaction is handed 
on from point to point, as the counterpart of the condensation 
that preceded it. 

On the next outward swing of the body a second condensa- 
tion is produced followed by a second rarefaction, and the 
phenomenon continues while the motion lasts. Now since the 
condensation and rarefaciition each occupy one half a vibra- 
tion in their production, it follows that they together constitute 
the two parts of the sound wave^ and that the distance from 
one condensation or rarefaction to the netxt condensation or 
rarefaction is a wave length, \, of the sound in question. 
Also in the condensation the particles are crowded together, 
and in the rarefaction they are drawn apart while the wave 
runs its own length during the time of a single vibration of 
the particles. Since these vibrations are in the line of propa- 
gation of the disturbance, it follows that sound waves are 
longitudinal. 

108. Fundamental Differences. Loudness of Sound. Two 
sounds as perceived by the ear may differ in three respects. 
They may differ in intensity^ in pitchy or in quality. These 
three fundamental differences in sense perception owe their 
existence to fundamental differences in the vibratory move- 
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ments producing the sensations. It has already been noted 
that two waves may differ from each other in amplitude^ in 
wave lengthy and in wave form. It will be shown hereafter 
(Arts. 108, 123, 141) that these three fundamental differences 
in wave motion determine the three fundamental characteristics 
of sounds as perceived by the ear. 

Loudness or intensity of sound denotes in rough measure the 
kinetic energy of the vibrating medium as reported by the ear. 
Obviously in so complex a phenomenon as sense perception no 
rigid measure of the absolute intensity of a sound is possible. 
Not only does the same sound appear of different intensity to 
two different observers, but to the same observer on different 
days and in different states of health and nerve tension. Com- 
parisons of the relative intensity of two or more sounds of the 
same general character are possible, however, and show that the 
intensity of sound depends essentially upon three things. 

(a) Upon the amplitude of vibration of the sounding body. 
We have seen that two waves of the same frequency may 
differ in the relative excursions executed by the vibrating par- 
ticles. From elementary considerations it may be seen that 
if the excursions of the particle be increased, the average 
velocity of the particle must be proportionally increased, since 
the vibrations in each case are executed in the same time. The 
velocity of the vibrating particle is therefore proportional to 
the amplitude. But the kinetic energy of the particle is pro- 
portional to the square of the velocity^ and consequently to the 
square of the amplitude. 

(b) Upon the ar^a of the sounding body. The effect of area 
in modifying the loudness of a sound produced by a given 
body, is essentially a question of transference of energy. A 
tuning fork when once set in motion, possesses a definite 
amount of kinetic energy. If the fork be held in the hand^ 
the sound produced is faint, but continues for several seconds. 
If the stem of the fork be placed firmly upon the top of a table 
the note becomes loud and strong and soon dies away. In the 
latter case the top of the table is thrown into co-vibration with 
the fork, and the volume of air that is energized by this means 
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is greatly increased. The store of energy is spent in the pro- 
duction of sound in a much shorter time. 

((?) Upon the distance from the sounding body. The intensity 
of sound varies inversely as the square of the distance from the 
sounding body. This is known as " the law of inverse squares," 
and may be demonstrated as follows : Suppose a single sharp 
sound has been produced at a point 0, as a center. This repre- 
sents a definite amount of energy. Now at any instant this 
energy is resident on a spherical shell of radius r, and of area 
4 7rr2 cm^. If we call the intensity of sound ii the kinetic 
energy per unit area of this shell, then the total energy is 
47rr2J. An instant later this energy has been transferred to a 
shell of radius r^, on which the intensity is J^, hence the total 
energy on the shell is 4 irr^I^ 

Therefore 4 7rr2J= 4 irr^^ (194) 

I r 2 
whence — = -L (1^5) 

or the intensity of sound varies inversely as the square of the 
distance from the sounding body. 

From a physical standpoint the intensity of a sound is best 
defined as the quantity of energy passing in unit time through 
unit area of a surface placed at right angles to the direction of 
the sound. From this definition accurate measurements of the 
intensity are possible, but their realization is diflBcult and 
involves considerations beyond the limits of an elementary text. 



CHAPTER XII 

VSLOCITT OF SOUND 

109. Experimental Determinations. The problem of deter- 
mining experimentally the velocity of sound in air presents 
peculiar difficulties. The nature of the problem demands that 
the measurement be made in free, open air, where the disturbing 
effects of winds, which vary both in magnitude and direction, 
and of local differences in temperature, are unavoidable and be- 
yond the control of the observer. To these are added the errors 
of observation attendant upon measurements depending upon 
sense perception. 

If the measurements are made by one observer who notes 
and records the time of seeing a flash, and of hearing the report 
of a distant gun, then each observation is affected by the errors 
due to the reaction periods of both sight and hearing. By this 
is meant the time required for any observer to see and record the 
flash, and to hear and record the sound. The reaction period 
for sight is different from that for hearing. The error for each 
operator is termed his " personal equation." Not only do these 
errors vary with different operators, but they vary with the 
varying conditions of health of the same operator on different 
days, and with the intensity of the sound. No allowance is 
made for the time occupied in transmitting the flash, since for 
small distances this time is practically zero. 

A study of the various errors just mentioned has influenced 
the selection of methods of observation. If cannon be used as 
the source of sound, the method of " reciprocal firing," whereby 
the sound is transmitted first in one direction and then in the 
other between two stations, has been used to eliminate in large 
measure the errors due to the wind. This, however, requires 
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two observers, and introduces errors arising from differences in 
" personal equation " which are difficult to determine and can- 
not in general be wholly eliminated by exchange of observers. 
In the experiments of Stone in 1871, two operators, about three 
miles apart, recorded the time of hearing the report of a cannon 
placed some 640 ft distant from the first operator. On ex- 
changing operators the error from "personal equation" was 
reduced to 0.02 sec. 

The mean of Stone's results, reduced to 0° C, was 1090.6 ft 
per second, or 332.4 m per second. 

More accurate determinations of this important constant, 
made by VioUe and Vautier, give for the velocity of sound in 
air at 0® C the value 

r= 331.36 — 

and this value is now generally accepted as the best result yet 
obtained. 

110. Experiments of Regnault. Between the years 1862 and 
1866 Regnault carried on an exhaustive series of experiments 
for the determination of the velocity of sound, both in the open 
air and in the water and gas pipes of Paris. In his researches, 
Regnault made use of an automatic recording apparatus, by 
means of which an electric current was broken at the instant of 
firing the gun, and the interruption of the current was recorded 
upon a smoked paper carried upon the drum of a chronograph. 
At the receiving station the sound wave entered a wide cone, 
at the smaller end of which it impinged upon a thin rubber 
membrane, and setting it in motion broke a second electric cur- 
rent, and so completed the record upon the cylinder of the 
chronograph. By this means, it would seem that the difficul- 
ties of pei*sonal equation were entirely obviated, but it was 
found that the membrane itself required time to receive and 
record the sound wave. The motion of the air particles cannot 
be imparted to the membrane instantly, and so a delay is caused 
in making the record, which is not constant, but increases as 
the sound grows more faint. Regnault made experiments to 
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determine the amount of this error, and allowed for it iji hi6 
computations. 

In his experiments upon the velocity of sound in tubes, Reg- 
nault arrived at the following conclusions : 

(a) In cylindrical pipes the intensity of the sound wave 
decreases with the distance, and more rapidly in small tubes 
than in large ones. 

(6) The velocity of sound diminishes with the intensity. 
Loud sounds travel faster in tubes than faint ones. 

(c) The velocity of sound in pipes increases as the diameter 
of the pipe increases, tending toward a limit in very wide tubes. 

(rf) The velocity is independent of the pressure, and of the 
mode of production of the sounds. 

Regnault gave as the result of his investigations, after all 
corrections had been applied, the value for a faint sound in a 
very wide tube at 0*^ C 

To = 330.6 — 

sec 

111. Theoretical Velocity of Sound. From purely theoretical 
considerations concerning the condition of the medium through 
which the sound wave passes, Newton, in 1686, developed a 
formula for the velocity of sound, 

r=V| (196) 

where d is the density .of the medium and e its coeflBcient of 
volume elasticity. This formula applies directly in the case of 
liquids and solids, while for gases it leads to erroneous results, 
unless there be applied certain corrections, the nature of which 
will appear later. 

In the application of this formula to gases, it is to be shown 
that the coefficient of volume elasticity e is, for ordinary sounds, 
equal to the pressure to which the gas is subjected. Thus, let 
P, Fi and d represent the pressure, volume and density, respec- 
tively, of a given mass of air. Let the pressure be increased 
by a small increment dp^ and as a result of this increase, let the 
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volume be diminished by a small amount dv^ the temperature 
remaining constant. Then, by Boyle's law, we have 



P-^-dp 



YjZ^ (197) 



dp dv 
or ^- — = — 

P-{-dp V 

whence ^^P-^dp (198) 

V 

but the left-hand member of this equation is by definition the 
coefficient of volume elasticity, e (Art. 58), hence P'\-dp = e. 
For ordinary sounds the change in pressure dfp, produced in 
the condensation or rarefaction, is negligible as compared with 
the atmospheric pressure, and hence may be disregarded. 
Under this assumption our formula becomes 



-v; 



a (199) 

where P is the reigning barometric pressure, and d the corre- 
sponding density of the air. 

This would indicate that the velocity of sound is independent 
of the intensity, and this assumption seems to be sustained by 
observation in the case of all sounds where the change of pres- 
sure dp, produced by the condensation, is negligible in compari- 
son with the barometric pressure, P. * In disturbances where 
dp is not negligible, the velocity is represented by the formula 



^^P+^ (200) 



d 

and increases as the intensity increases. In loud sounds, as 
those produced by explosions or the discharge of cannon, the 
change in pressure dp may even exceed P. Captain Parry, who 
made a series of measurements upon the velocity of sound in 
the arctic regions, relates that the report of a cannon was fre- 
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quently heard by a distant observer, before the command to fire. 
Other observers have repeatedly found that very loud sounds 
travel more rapidly than those of ordinary intensity. 

112. Application of Newton's Formula. It has been said 
that Newton's formula 



=>/? 



d 

does not apply directly to the case of gases. If the values of 
P and d be substituted in this formula, we have for standard 
conditions, P = 1,012,630 dynes per square centimeter, and 
d = 0.001293 g per cubic centimeter. Whence 



^"•^'0.001293"^^'^^V. 

This is only 84 per cent of the velocity of sound as deter- 
mined by experiment. The discrepancy between the theoretical 
and observed value was recognized by Newton, who sought to 
account for the difference by means of a number of ingenious 
suppositions, none of which, however, were justified. 

113. Laplace's Correction. It was not until 1816 that the 
error in Newton's formula was pointed out and corrected by 
Laplace. It was pointed out (Art. Ill) that for small dis- 
turbances the coefficient of volume elasticity e, in the formula 



r=V 



d 



could be replaced by the pressure P, to which the gas was sub- 
jected. 

, This deduction was made upon the assumption that Boyle's 
law would hold for the phenomena. This would mean that the 
air in which the condensations and rarefactions of the sound 
wave were produced should remain throughout at a constant 
temperature; or, in other words, that the condensations and 
rarefactions were to occur under isothermal conditions. 

Laplace pointed out that in the case of a sound wave, where 



\^ .1 -^ » 
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the compressions and rarefactions follow each other at the rate 
of several hundred per second, there could be no mention of 
isothermal conditions, since there could be no time for the air 
to assume a uniform temperature. The coefficient of elasticity 
of the air, that really does enter the equation for the velocity 
of sound, is therefore to be determined, under the condition 
that no heat is to escape from the gas when it is compressed^ and 
none is to come to it when it is rarefied. Such conditions for a 
gas are called adiahatic conditions^ and the coefficient of elasticity 
of a gas obtained under such conditions is called the coefficient 
of adiahatic elasticity (Art. 184). 

Now it is well known that if a mass of gas be compressed 
suddenly, its temperature is raised, and the elastic tension of 
the gas is greater because of this increase in temperature. Care- 
ful experiment has shown that for air, the coefficient of adiahatic 
elasticity is 1.41 times the coefficient of isothermal elasticity. 
Hence the pressure P must be multiplied by 1.41 to represent 
the facts. The corrected formula is therefore 



=v 



I-IL? (201) 

d 



When the correcting factor is introduced into the computa- 
tions in the previous article we have 



y^ / 1.41 X 1,012,630 ^ 3 32 3 ^ 
^ 0.001293 * sec 

which agrees admirably with the value found by experiment. 

114. Correction for Temperature. Since the air is free to 
expand, an increase in temperature of the air as a whole will 
affect the density of the air, but will leave the pressure un- 
changed. If a be the coefficient of expansion for gases, then 
any bulk of air at 0° C will have a bulk (1 -h a^) times as large 
at t^ C. Since the densities are inversely as the volumes, then 
df, the density of the air at t^ C, will be given by the equation 

^* = Tin (202) 

1 + at 
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Hence the velocity of sound at f° C will be 
If Vq be the velocity of sound at 0® C, then 



V, = To VI 4- «* (204) 

If we set t=sl°C and a = 0.003665, then the increase in 
velocity for a rise in temperature of 1° C is 



Fi - To = 331.36V1 + 0.003665 - 331.36 
= 0.00183x331.36 

= 0.606— or 23.8^ 
sec sec 

Hence the velocity of sound increases about 60.6 cm per sec- 
ond, or 23.8 in per second for an increase of P C. 

115. Velocity of Sound In Solids and Liquids. For solids and 
liquids Newton's formula is applicable at once. For copper 
the coefficient of elasticity e is about 12 x 10^ dynes per 
squar dcentimeter and (2 = 8.8 g per cubic centimeter, therefore 

r ^ J12 X 1011 ^ ggg 3QQ£m ^ gggg w. 
^ 8.8 sec sec 

For water the density is 1 gram per cubic centimeter and the 
compression for an increase in pressure of one atmosphere is 
0.0000499; hence 



J 1,012, 
^1x0.00 



= 1425^ 



go =142,500^ 
0000499 sec 



sec 



The best experimental determinations of the velocity of 
sound in water give a mean result of 1435 m per second. 



CHAPTER XIII 



REFLECTION AND SUPERPOSITION OF SOUND "WAVES 




116. Huygens's Principle. Suppose a sound wave originate 

at a, as a center of disturbance. Tlie wave 
will travel outward in space in all directions 
in the form of a spherical shell. Let Fig. 58 
represent the trace on the plane of the paper 

a cV^td of a section through this wave shell. At the 

end of a certain time, the wave will have 
reached the position men. This surface, 
marking the location of all points in the same 
phase of vibration, is by definition a wave 
front. At an instant later it will have taken 
the position m'dn\ and all points in this new 
wave front will be vibrating with the same motion possessed mm 
by the points on the wave front men. The disturbance at the 
center has thus reached any point in men by the disturbance 
of all points in the medium through which it has passed. Hence 
the subsequent disturbance at any point outside the wave men 
is to be regarded as the resultant effect produced at that point, 
of all the wave disturbances originating in the individual points 
of the wave front men as centers. 

According to Huygens we are to consider every point on a wave 
front as a new eenter of disturbanee^ from whieh waves are propa- 
gated outward as from the original eenter^ and the effect at any 
point external to the wave is to be regarded as the resultant of the 
combined action of all these elementary waves. 

If we take all the points on the wave front men as centers 
and about them describe small circles representing the limits 
reached by the elementary waves in a very short space of time, 
then it will be seen that these little waves unite to form a neto 
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wave fronts which is a common tangent or envelope to them all. 
This is to be regarded as the new wave front. Professor Stokes 
has shown that the elementary waves destroy each other except 
at the surface of their common envelope. 

117. Reflection of Sound. Sound waves are reflected reg- 
ularly from any smooth surface of different density from that 
of the medium in which they are traveling, and the sound seems 
to come from some point behind the reflecting surface. By a 
" smooth " surface is to be understood a surface whose inequalities 
are small in comparison to the wave lengths to be reflected. Thus 
a brick wall, a hillside or even a row of trees may present a 
surface that is relatively smooth to the waves of sound, while 
for the reflection of light waves only the most highly polished 
surfaces are "smooth." 

Tyndall showed that sound waves are reflected not only 
from solids and liquids but from layers of gas of different density 
as well. Thus a flame from a fishtail gas burner and the heated 
air above it, reflect sound waves to a marked degree. In the 
same way ascending currents of warm air over parts of the 
earth unequally heated by the sun, serve to reflect and scatter 
sound waves, as do also ascending layers of air loaded with 
water vapor. 

In some cases the nature of the sound is modified by the 
nature of the reflecting surface, as in the case of a sharp, clear 
sound reflected by the separate bars of a picket fence. Here the 
separate pickets act as independent sources of sound waves and 
the short, sharp sound comes back as a clear musical note of 
definite pitch. 

Echoes are produced when the reflecting surface is at a dis- 
tance of more than 16.5 m. The ear cannot separate sylla- 
bles occurring more rapidly than about ten per second. Hence 
a sound and its echo will be heard separated if the distance to 
the reflecting surface is greater than half the distance which 
sound would travel in one tenth of a second. 

Applications of the principle of reflection of sound are seen 
in the speaking trumpet or megaphone, the ear trumpet, the 
stethoscope, and in the curved surface of the external ear which 
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acts as a reflector to concentrate the sound waves into the audi, 
tory canal. 

118. Reflection at End of Cylindrical Pipe. A case of special 
interest is found in the reflection of a sound wave at the end 
of a tube or pipe in which it is traveling. If the reflections 
occur in a closed pipe, against the solid end of the pipe, the 
direction of the wave is reversed, but the character of the dis- 
turbance is not reversed, a condensation is reflected as a con- 
densation and a rarefaction as a rarefaction. This is expressed 
by saying that at the closed end of a pipe the sound wave is 
reflected with change of sign in the velocity of the air particles^ 
but without change of sign in the condensation. 

At the end of an open pipe, however, the result is different. 
When the disturbance reaches the open end of the pipe, the last 
layer of air having no longer an opposing resistance in front, 
as it had within the tube, swings outward beyond its position 
of equilibrium, dragging after it the adjacent layers one after 
another. A new disturbance thus enters the tube at the open 
end, in the nature of a rarefaction, and is propagated backward, 
while the original condensation pursues its course in the free 
air. This is expressed by saying that reflection occurs at the 
open end of a pipe, without change of sign in the velocity of the 
air particles^ hut urith change of sign in the condensation. At the 
open end of a pipe, therefore, a condensation is reflected as a 
rarefaction, and vice versa. This principle will be found of 
great importance in the theory of open and closed organ pipes. 

119. Superposition of Sound Waves . If two stones be dropped 
a small distance apart into still water, each is seen to become 
the center of a system of circular waves, widening in all direc- 
tions as they run. If the two sets of waves cross each other, 
they are seen to pursue their own way in each case as if there 
were no other wave on the surface of the water. In general, 
when two systems of waves traverse a medium simultaneously, 
while the elevation or depression of either alone relative to the 
disturbed surface is the same as it would have occasioned if the 
other were not there, yet the total displacement of the surface 
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Fia. 69. 



relative to the undisturbed level is at any point and at any in- 
stant the algebraic sum of the disturbances which each of the 
systems would produce separately. 

If an elevation of the first system be superposed upon an 
equal elevation of the second system, the total height of the 
water above the original level will be double that of one of the 
two waves alone. If an elevation of one system meet an equal 
depression of the other system, 
the original level is not changed. 

In a similar way, sound waves, 
when coexistent in the same me- 
dium, form at every instant com- 
posite waves, made up of the 
separate systems. This super- 
position of wave systems is 
termed interference. 

120. Principle of Interference. Suppose a small whistle to 
be placed in a box, heavily padded within to prevent any trans- 
mission of sound waves through its walls, 
and let there be in the top of the box two 
identically similar openings, A and B 
(Fig. 59), symmetrically situated with 
respect to the whistle. We have here two 
identical sources of sound, from which 
condensations and rarefactions proceed 
outward in all directions at the same in- 
stant, and such that air particles, equidis- 
"fcunt from the two sources, on being 
"disturbed by the individual sources A and 
-B, have their motions outward from or in- 
ward toward their respective openings at 
the %ame instant. If now we consider a 
plane PP' (Fig. 60), normal to AB at its 
middle point, it is clear that two similar 
disturbances, starting out from A and B respectively, at any 
instant, will reach any point in PP' in the same time, since 
the paths are exactly equal. It is also clear that each wave 




Fig. 60. 
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will, at any point, have a component of its motion normal 
to this plane, PP\ and that these normal components will, at 
one instant, both be directed toward the plane, and a half period 
later they will both be directed away from the plane. In this 
plane, therefore, we have at every point condensation meeting 
condensation, and rarefaction meeting rarefaction, thus produc- 
ing double condensations and double rarefactions^ in this plane 
PP'. This plane is therefore a locus of maximum change in 
density^ and is consequently a locus of maximum 
intensity of sound as perceived by the ear. 

It is also to be noted that two air particles sym- 
metrically situated on either side of this plane, 
although moving in opposite directions, actually 
meet in the same phase^ since their displacements 
from their respective positions of rest are equal 
and have been produced in the same tims. 

In any other plane drawn through AB^ the con- 
densations and rarefactions^ and consequently the 
intensity^ will present a series of fixed maxima and 
minima. If we consider the disturbance from the 
single point (Fig. 61), along two lines OM and 
OM' very near to each other, so that we may assume 
that the motions have experienced the same con- 
ditions in passing from to M and M\ then we shall find 
the particles in M and Jtf' to be in the same phase of vibration if 
the diflference of the distances OiHf and OM^ be an even number 
of half wave lengths. They will be in opposite phase if the 
difference of the paths OM and OM' be an odd number of half 
wave lengths. In the first case the velocity and displacement 
of the two particles at M and M\ due to the single source at 0, 
will be equal and in the same direction; in the second, they 
will be equal and in opposite directions. 

From the foregoing considerations we see that when sound 
waves from two identical sources A and B (Fig. 60) meet at a 
point Q^ we shall have maximum change in density if 




AQ-BQ^ink/^ 



(205) 
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and minimum change in density if 



^^-5^=(2yi4-l)X/2 



(206) 



that is, according as the difference of path AQ — BQ is an even 
or an odd multiple of X/2. 

Hence for maximum intensity the difference in path is an 
even number of half wave lengths ; for minimum intensity the 
difference in path must 
equal an odd number of 
half wave lengths. In 
this way two equal 
sounds may be added 
together so that at cer- 
tain points in space they 
will mutually reenforce 
each other, and the 
sound will be very loud; 
in other points where 
the vibrations meet in 
opposite phase, one 
sound added to another 
may produce silence. 

121. Curves of Maxi- 
mum and Minimum In- 
tensity. The interference of waves from two identical sources 
of sound may be shown graphically by the following construc- 
tion : About the point sources A and B (Fig. 62) describe arcs 
of circles with equal radii, where the full line arcs denote con- 
densations and the dotted arcs represent rarefactions. The 
shortest distance between any two concentric arcs of the same 
kind is therefore some multiple of the distance from one con- 
densation to another condensation, or from one rarefaction to 
another, Le. some multiple of a wave length X, of the sound in 
question. Similarly, the distance between a full line arc and 
the next adjacent dotted arc described about the same center is 
a half wave length. 

From the foregoing considerations it is evident that at all 
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points on the line (7P, normal to AB at its middle point, the 
two sets of waves meet in the same phase^ condensation from A 
meeting condensation from B^ and rarefaction from A meeting 
rarefaction from B^ as indicated by the intersection of the corre- 
sponding arcs. The full line CP is therefore a line of maxi- 
mum intensity^ and the remaining full lines cutting AB^ being 
also loci of particles in the same phase of vibration, are also lines 
of maadmum intensity. The dotted lineg on either side of (7P, 
drawn through the intersections of rarefactions from A with 
condensations from B^ or vice versa^ are consequently lines of 
minimum intensity of sound. These curves are all hyperbolae, 
defined by the equation 

AQ-BQ^ ±n\/2 

where Q is any point whatever, and n is any integer 0, 1, 2, 3, 
etc. The lines of maximum intensity are given by the even 
values of w, and those of minimum intensity by the odd values. 
We should remember that there is no loss of energy due to 
interference. At the maxima the amplitude is double^ and the 
energy four times that due to a single source. At the minima, 
the amplitude and the energy are both zero. Hence the average 
energy over the surface is twice that due to a single source, as 
it should be. 

122. Experiments illustrating Interference. 

(a) Sources Identical 

m 

If a tuning fork be sounded and rotated slowly before the 
ear, an intermittent or pulsating sound will be heard. At four 
certain positions, it will be found that the sound of the fork 
seems to disappear almost entirely, only to reappear again in 
force on moving the fork. In this case the two identical 
sources are the two prongs of the fork, which are vibrating in 
opposite directions as indicated in the arrows (Fig. 63). As 
the prongs approach, there is a rarefaction on the outside of 
each prong at / and ^, and a double condensation on the inside, 
starting out toward d and e. These two sets of disturbances 



/ 
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differing in phase by half a period meet along the dotted lines 
and produce a minimum sound at all points in these lines. 
Outside these lines the sound may be heard as usual. 

To show that this is a true case of interference the fork may 
be held over a resonator which responds loudly, and rotated 
till the sound falls to a minimum. On slipping a small cylin- 
der of paper over one prong of the fork, so as to cut off one set 
of waves, the sound reappears, but disappears again if the paper 
be removed. 

If a large fork or organ pipe be sounded in a large room 

and an observer walk about the room, certain places will be 

found where the sound is uncom- ^ 

fortably loud while at others almost "^^ 

no sound is heard. In this case in- ^. • 

terference occurs between the direct ^\ , / 

waves from the fork and the sys- i^ ^ a 

tems of waves reflected from the U^ j^ 

sides of the room. / ^ ^. 

/ 

(J) 8ource% not Identical. — Beats 

If two tuning forks, tuned to 
unison and furnished with reso- Fig. 63. 

nance cases, be sounded together, a full even tone is heard. 
If now the prongs of one fork be weighted with wax, so as to 
decrease slightly the frequency of that fork, we shall find that 
when sounded together, the forks give out a throbbing or beat- 
ing tone. If the pellets of wax be made larger, the number of 
beats per second increases. 

In this case the phase difference X/2 is not due to the differ- 
ence in path traversed by the waves from the sources, as hither- 
to, but has resulted from a difference in the freqtienciea of the 
two forks. If the forks make respectively 100 and 101 vibra- 
tions per second, then the second fork gains one vibration upon 
the first every second. Under these conditions, if the two forks 
started together in the same phase, they would be in opposite 
phase at the end of half a second, and in coincidence of phase 
again in another half second. From this it appears that two 



\ 
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forks whose frequencies are m and n vibrations per second will 
make m — n beats per second. 

Two organ pipes of the same pitch, when mounted upon a 
wind chest, will give loud beats if, while they are sounded, a 
card be slipped slightly over the lip or the end of one of the 
pipes. A tuning fork mounted upon a resonance case and 
sounded gives distinct beats if carried rapidly toward or away 
from a reflecting wall. The experiment may be rendered more 
striking by swinging the fork as a pendulum, while sounding, 
at a short distance from the wall. 



MUSICAL RELATIONS 



CHAPTER XIV 



MUSICAL SCAI.es 



123. Pitch. The pitch of a sound depends upon the vibra- 
tion frequency of the sounding body. When the number of 
vibrations per second is great, the pitch of the tone is high or 
acute; when small, the pitch is low 
or grave. If two sounds are pro- 
duced by the same number of 
vibrations per second, they are 
said to have the same pitch, or if 
sounded together, they are said to 
be in uniBon. Mu%ical sounds are 
those which produce a pleasing 
effect upon the ear and have a def- 
inite pitch. A noise is a confused 
mass of sonorous vibration in 
which the ear is unable to detect 
any definite pitch. In a musical sense, the pitch of a sound 
may also refer to the relative position of the sound upon some 
arbitrary scale of reference adopted by musicians. 

The pitch of a sound may be determined by means of an 
instrument called the siren (Fig. 64). The siren consists of a 
pasteboard or metal disk, bearing on its circumference a series 
of concentric circular rows of equidistant holes about 8 mm in 
diameter, and mounted on an axis which can be rapidly revolved 
in front of a nozzle delivering air from a blower. When an 
opening comes in front of the nozzle the air rushes through, 
forming a condensation, followed by a rarefaction during the 
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interval in which the air is cut off. In this way is formed a 
series of regular puffs, which gradually blend into a low musi- 
cal tone, whose pitch rises as the speed of rotation of the disk 
increases. The siren tone may be tuned to that of the given 
note, and its frequency determined from the angular velocity 
of the disk and the number of holes passing the nozzle in one 
revolution. 

124. Musical Interyals. When two tones are sounded to- 
gether, the ear recognizes a certain relationship, or want of 
relationship, between them, dependent upon their relative pitch, 
but entirely aside from their absolute vibration frequencies. 
This relationship is termed a musical interval^ and is expressed 
as a simple ratio between the vibration frequencies of the two 
tones in question. 

A number of these ratios have specific names in musical 
nomenclature, arising for the most part from the number of 

* 

the note in the series. The interval between two notes whose 
vibration frequencies are in the ratio 1/1 is called unison; 2/1, 
an octave; 3/1, a twelfth; 4/1, the dovhle octave; 3/2, a fifth; 
4/3, a fourth; f5/4, a major third; 6/5, a minor third; 5/3, a 
major sixth; 8/5, a minor sixth. 

This completes the list of so-called consonant intervals^ 
although the list may be and probably will be extended in the 
course of time. It is interesting to note that the third, both 
major and minor, were originally classed among the dissonant 
intervals, and the minor third was not regularly used until the 
middle of the eighteenth century. 

125. The Diatonic Scale. The rule for consonant intervals 
extends to combinations of several sounds. In order that 
three or more tones when sounded together may be concordant, 
it is necessary that their respective intervals not only with the 
fundamental, but also with each other, should be expressed by 
simple ratios. Thus when we sound together three notes whose 
frequencies are as 4:5:6, there is produced a pleasing effect. 
This combination of three tones is called a major triad. The 
diatonic scale is built upon three sets of such triads. 
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The notes of the scale are indicated by the letters (7, D, H^ 
-F, Gf-^ A, -B, c. These letters may represent the frequencies of 
the various notes as well. 

In the key of (7, the three major triads are 

Tonie OiHiG-] 

Dominant G: B: d \ 4:5:6 
Subdaminant F : A: c J 

The vibration ratio in terms of (7, the fundamental, are ob- 
tained as follows : 

^5 rr 5^ 

— = - or E=i -C 
4 4 

0^ 6 /y ^n 

— = -or6r = -c7 

(7 4 2 

^ = § or 5=^0^ = ?. 5(7=^(7 
a 4: 4 4 2 8 

In this way, the frequencies of the entire seven notes may be 
expressed in terms of the fundamental (7, the octave c being set 
equal to 2 (7, and we have the following relations between the 
various notes of the scale : 



Frequency 


72 


81 




90 




96 




108 




120 




185 144 


Name 





D 




M 




F 




a 




A 




B 


Syllable 


Do 


Be 




Mi 




Fa 




Sol 




La 




Si Do 


Ratio 


1 
1 


9 

8 




5 
4 




4 
3 




3 
2 




5 
3 




15 2 

8 ^ 


I t'»4"^*»Trr»l a 


9 




10 




16 




9 




10 


1 


9 


16 


intervals 


8 




9 




15 




8 




9 




8 


16 



The fractions termed intervals are obtained by dividing each 
ratio by that of the note immediately below it. 

From this it appears that in the perfect diatonic scale there 
are three different intervals, 9/8, 10/9, 16/15. The first two 
intervals are termed whole tones^ and the last a half tone. 

The minor triad is composed of three notes, whose frequencies 
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are 10 : 12 : 15, and a minor scale similar to the major scale may 
be built upon three of such triads. The vibration ratios for 
the various notes in terms of the fundamental may be obtained 
in the same way. On making the computations, we have 




Intervals 



It will be found that three additional notes will be needed, viz., 
three notes below JK, B and A^ in order to produce the minor 
scale. 

126. Transposition. In order to accommodate different 
voices or instruments, it is frequently desirable to change the 
keynote of the scale from to some other note in the scale. 
The vibration ratios would then have to be applied to the new 
keynote as a fundamental, and the corresponding frequencies 
for the several notes computed. If it were desired to begin 
the scale with 2>, then, on computing the frequencies for the 
scale, it would be found that, beside the keynote D and its 
octave d, the Gf- and B were right, and that the A and U dif- 
fered but slightly from the required frequency, but the notes 
F and c would be found to be too low in each case. This must 
be remedied by the introduction of two new notes, F sharp and 
c sharp, in order to sing or play in the key of 2>. These two 
sharps are introduced at the beginning of the staff, and form 
the signature of the key. 

127. The Tempered Scale. Since each change of key entails 
the introduction of new notes, both for major and minor scales, 
it is apparent that the number of notes demanded for each 
octave, in order to render a piece of music in any key, would 
be very greatly increased, so much so, indeed, that in the case 
of an instrument of fixed tones, as the piano or organ, it becomes 
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practically impossible to manipulate so many keys. On this 
account, a compromise system, known as the system of equal 
temperament^ has been adopted. In this sj'^stem the whole tones 
are made all alike, and the half tones are half the whole tones. 
In other words, there is an equal interval between each pair of 
consecutive notes. There are thus added five new tones to the 
octave, making thirteen tones in all. The common ratio be- 
tween the frequencies of any tone and the tone next above it is 
the twelfth root of 2^ or 1.069. In any instrument tuned to this 
systeni, the only accurate intervals are the octaves, all the 
others being slightly false. The fifths are slightly flat, and 
the thirds are too sharp. Music rendered in this system is 
considered inferior to that played in just intonation. Trained 
singers, and performers upon instruments like the violin or 
slide trombone, are free from the limitations of the system of 
equal temperament, and in many cases approximate closely the 
intonation of the diatonic scale. 



RESONANCE PHENOMENA 



CHAPTER XV 



VIBRATORT PHENOMENA AND RESONANCE 

128. Composition of Vibrations at Right Angles. In the 
study of vibratory motion, some curious and beautiful results 
are obtained from combining two simple harmonic motions at 
right angles to each other. Owing to the rapid motion of sound- 



to^ 




Fig. 65. 



ing bodies the eye is unable to follow them, and some special 
device is necessary. In Fig. 65 are shown two tuning forks L 
and M^ each furnished with plane mirrors, one set to vibrate 
vertically, the other horizontally. If now a beam of light from 
It be allowed to fall upon the mirrors successively and be 
reflected to the screen aS, when the fork L is set vibrating, the 
spot is seen drawn out into a vertical band. Similarly, if the 
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fork JIf be set in motion and L kept at rest, the spot is drawn 
out into a horizontal band. If the two forks be vibrated at 
the same time, the spot is made to follow the motion of the 
two vibrating systems and traces some form of what is known 
as a Lissajous' curve, of which various forms are shown in 
Fig. 66. 

If the frequencies of the two forks be in the ratio of 1:1, 
then the characteristic figure will be an ellipse, having for its 












3:2 








Fia. 66. 

special forms the two straight lines. If the tuning of the forks 
be exact, the figure is motionless upon the screen and gradually 
decreases in size as the amplitude of the vibrations of the forks 
sinks to zero. In most cases, however, the tuning is only 
approximate, and the figure takes the successive forms in- 
dicated (Fig. 66), passing from left to right and back again. 
When the figure has run through the complete cycle, we know 
that one of the forks has gained or lost one complete vibration 
as compared with the other. We have thus a method of ob- 
serving beats optically, and of determining the relative fre- 
quencies of vibrating bodies with great precision. 
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If, however, the frequency of fork Mhe twice that of fork i, 
we shall have the curve shown in Fig. 65, of which different 
forms appear in Fig. 66. In this figure are also shown the 
curves for the interval 3:2. The curves are drawn for the 
phase differences indicated at the top, where these differences 
are stated with respect to the component having the higher 
frequency. 

These phase differences are exact at the beginning and close 
of any complete period. Thus in the ratio 3 : 2 the x motion 
has the higher frequency, 3, while the y motion has a frequency 
of 2. At the beginning the x motion leads in phase by 0, |^, ^, 
I or J r, as the case may be, and also when the motion on the 
x-'dxis has made three vibrations, and that on the y-axis has 
made two. 

This experiment was first described by the French physicist 

Lissajous, in 1857, and the 
curves are known as Lissar 
jous' curves. The method is 
applicable to the study of any 
vibrating system upon which 
a bright point as a minute 
globule of mercury can be 
fixed, while the fork with 
which the system is to be 
compared is armed with a 
lens of low power through 
which the mercury globule 
may be viewed by a micro- 
scope. 

The same figures may be 
obtained by means of the 
Blackburn's pendulum, shown 
in Fig. 67. In this apparatus 
a heavy lead disk carries a 
funnel filled with sand, ink, or 
other material for leaving a trace of the motion upon a prepared 
paper beneath it. The disk is hung from two cords about one 
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meter in length, and over the two cords is slipped a small ring 
r, by means of which the system is divided into two pendulums 
of different period, hung from the same support. On setting 
the disk vibrating it traces the figures characteristic of the 
ratios represented by the square roots of the lengths of the en- 
tire pendulum and the part below the ring. 

129. Graphical Method for Llssajous' Figures. Draw two 
concentric circles (Fig. 68), with radii proportional to the 
amplitudes of the two harmonic motions, and through their 
common center draw the rectangular diameters AB^ CD, 

Divide each quadrant of both circles into the same number 
of equal parts; some multiple of four is usually most con- 
venient. Through the points of division of the circle AB 
draw lines parallel to (7Z>, and through the divisions of CD 
draw lines parallel to AB. The resulting rectangle will con- 
tain all the figures arising from any possible combination of two 
simple harmonic motions of commensurable periods; and the 
curves will, in general, be tangent to the sides of the rectangle. 
The center of the 
circles corresponds to 
a phase difference of 
zero between the two 
components, that is, 
to 8=0; and it is 
taken as the starting 
point for tracing all 
curves of phase differ- 
ence zero or T/2. 

If, as in Fig. 68, 
the circles have been 
divided into sixteen 
equal parts, then each 
point of intersection 
on the diameter AB 
corresponds to a phase 
difference of 7/16 ; that is, to one sixteenth of a period. 
Hence if we start to trace a curve from a in the figure instead 
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of from 0, we shall produce the curve corresponding to a phase 
difference of 7/16. This means that at the instant when the 
y component passes through AB in a positive direction, and 
the y displacement is therefore zero, the x component has 
already reached a in the positive direction, or is in advance of 
.. the y component by Oa or T/16. In like manner, 6 corresponds 

to a phase difference of 2y8, c to 3 2yi6, and A to 2y4. Re- 
turning toward 0, it will be seen that c also corresponds to a 
difference of phase of 5 2yi6, J to 3 278, a to 7 T/IG, and 
to 7/2, with larger values for points to the left of 0. 

Suppose now that we wish to trace the curve corresponding 
to the vibration frequencies one to two; two for the horizontal 
end one for the vertical component, and with no difference of 
phase. Starting from 0, we count two points horizontally to 
the right and one up and reach J; again two to the right and 
one up for point J7i and so continue, numbering the points in 
order until we pass through the starting point in the same 
direction as at first, being careful always to complete the motion 
in one direction before beginning the retrograde motion. An 
excellent check upon the accuracy of the location of the points 
is found in the fact that points equidistant from the axis of 
symmetry AB differ in number by eight in every case ; that is, 
by half a vibration. 

If now a smooth curve be traced through the points in order, 
we see that the moving point, being subject to both motions, 
describes two spaces horizontally and one vertically in the 
same interval of time, and consequently passes through the 
corners of rectangles two spaces long and one space high in 
every case. The spaces themselves increase or decrease accord- 
ing to the simple harmonic law. Great diversity of figure 
may thus be obtained with successive differences of phase be- 
tween the two component motions. 

To combine two motions of frequencies two to three, we 
should simply count three spaces in one direction and two in 
the other and proceed in other respects as already described. 

130. Free and Forced Vibrations. If a system when displaced 
from its position of equilibrium is urged to return to that posi- 
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tion by forces, either internal or external, which vary directly 
as the displacement, it will, when freed from the disturbing 
force, execute simple harmonic vibrations about its position of 
equilibrium as a center. The period of such a vibration depends 
upon the nature of the system^ and is independent of either the 
amplitude of vibration, or of the forces tending to oppose the 
vibration, provided each be small. Such a vibration is called 
a free vibration^ and the period is termed the free or natural 
period of the system. 

In the ideal case of no friction, a body once started would 
continue to vibrate forever, since there would be nothing to 
stop it. In nature, however, all vibrations are checked with 
more or less promptness by means of opposing forces which 
may be designated under the general name of friction. In 
such cases the amplitude gradually decreases to zero, while the 
period remains constant, and is independent of the friction, 
provided it be small. Such a vibration is termed a damped 
vibration. Examples of free vibration are seen in the motion 
of a simple pendulum, of a guitar string or of a tuning fork 
when bowed and allowed to swing freely. 

When a system that is free to vibrate is subjected to the 
action of a periodic force that varies as an harmonic function 
of the time, we have the conditions necessary for a forced 
vibration. The ensuing motion is the response of the system 
to the impressed, external force, and continues so long as the 
force continues. Examples of forced vibration are seen in 
the motion of the pendulum of a clock or the balance wheel 
of a watch, in the vibration of a tuning fork driven by an 
electric current, or of the sounding board of a piano or body 
of a violin. Since any free vibration is always more or less 
damped, and therefore soon sinks to zero, it follows that any 
maintained vibration is a forced vibration ; the motion of the 
vibrating system being maintained by an" external impressed 
force which varies with the time. The period of the forced 
vibration is the period of the force^ and the amplitude is propor- 
tional to the force. 

The characteristics of free and forced vibrations may be 
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contrasted as follows : A free vibration gradually die% away on 
account of frictional forces. A forced vibration i% maintained 
so long as the impressed force continues, and when it ceases the 
free vibration ensues and gradually sinks to zero. The period 
of a forced vibration is the period of the impressed force^ while 
the period of a free vibration depends upon the constitution of 
the system^ and is entirely independent of the forces causing it, 
so long as the amplitude is small. 

131. Resonance. A special case of forced vibration is that 
in which the period of the impressed force coincides with the 
free period of the system. In such a case the system rapidly 
absorbs energy from the individual, periodic pulses, and soon 
vibrates with large amplitude. Theoretically it is due to the 
friction alone that the amplitude does not become infinite. It 
thus appears that a system free to execute vibrations of a definite 
period is capable of selecting and absorbing from the surrounding 
medium energy in the form of vibrations of the same period as 
those which it can execute. 

This is known as the principle of resonance^ which finds 
its applications in every department of physics. Resonance 
depends upon the cumulative effect of small impulses applied to 
a system at exactly the proper time to produce the maximum 
effect. 

132. Illustrations of Resonance. Two strings stretched upon 
a sonometer, if turned to unison, will mutually transmit vibra- 
tory motion, by means of synchronous impulses sent through 
the air and through their common support. If either string be 
set in vibration, the other begins to vibrate. 

Let two heavy pendulums of the same period be mounted 
upon a wooden frame which yields slightly to their motion, 
and let one be set vibrating while the other remains at rest. 
In a few minutes it will be seen that the second pendulum is 
acquiring vibratory motion through the support. Its motion 
gradually increases until the two are swinging with equal am- 
plitude, but with a phase difference of half a period. The 
second pendulum continues to lag behind the first, gradually 
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absorbing its energy until the first is brought to rest, after 
which the phenomenon is repeated in the reverse order. 

If a tuning fork be held over the mouth of a tall jar (Fig. 69) 
partly filled with water, it will be found, 
on pouring in more water, that for a certain 
length of air column the sound of the fork 
is powerfully reenforced. If the fork be 
removed and a blast of air from a flat tube 
be blown across the top of the jar, the sound 
produced will be in unison with that emit- 
ted by the fork. The cylinder thus be- 
haves as a stopped organ pipe (Art. 140) 
and the air column is very nearly equal to 
one fourth the wave length of the sound 
produced by the fork. The hollow wooden 
cases used to support tuning forks are in reality closed or open 
pipes tuned to reenforce the tone of the fork. 

Let two tuning forks mounted upon suitable resonance cases 
and accurately tuned to the same pitch, be placed at opposite 
ends of a room. If one be bowed and then quieted, it will be 
found that the other is sounding audibly. Accurate tuning is 
necessary for success in this experiment. If a number of forks 
of different pitch be sounded together, the second fork responds 
to none but the one of its own frequency. Obviously the fork 
can absorb from the air only those wave lengths of sound which 
it itself can emit. 

A heavy bridge is often set to vibrating vigorously by the 

footfalls of a small dog trotting across it. 
Soldiers when crossing a bridge are com- 
manded to break step to avoid the pos- 
sibility of synchronous vibration of the 
bridge. 

The resonators of von Helmholtz 
(Fig. 70) consist of hollow spheres of 
brass, furnished with a tubular opening 
for the reception of the sound wave, and 
opposite it a small conical tube to be inserted into the ear. 
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The free period of the enclosed mass of air determines the pitch 
of the tone to which the resonator will respond. To all other 
tones it remains practically silent. By means of a series of 
such resonators von Helmholtz was enabled to pick out the 
various overtones in the note of a piano string, and thereby to 
analyze a sound into its constituent tones. 

133. Stationary Vibrations. Suppose one end of a long 
flexible cord be fixed and the other end be moved quickly up and 
down by the hand in a vertical plane. For each up and down 
motion of the hand a single pulse will run the length of the cord, 
be reflected at the fixed end and retrace the length of the cord, 
to be reflected again at the hand. In each case the reflection of 
the pulse in the cord will involve a change of sign both in the mo- 
tion and in the nature of the disturbance itself, since a depression 
in the cord is returned as an elevation, and an elevation as a de- 
pression. After two reflections, therefore, the disturbance will 
have traversed the length of the cord twice and will be ideuitical 
both in direction and kind with the original disturbance, and 
may be regarded as starting out anew. 

If now the hand be maintained in simple harmonic motion, 
a series of harmonic waves will run along the cord and be re- 
flected at the fixed end as before. Each wave after two reflec- 
tions will coincide both in direction and kind with the new out- 
going wave, if the time required to travel twice the length of the 
cord be some whole number, A, times the period of the motion 
maintained by the hand. In other words, if 

y=kT (207) 

where I is the length of the cord, V the velocity of the pulse 
along the cord, T the period of the motion, and k is any integer 
as 1, 2, 3, 4, etc. 

Under the above condition it is clear that any disturbance 
however small will soon be increased sufiicientlj'^ to set the cord 
into vibrations of wide amplitude at all points where the direct 
and reflected waves coincide in pha^e. Such points are called 
anttnodes. At certain other points, however, the incoming and 
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outgoing waves meet in opposite phase and produce points of 
minimum motion; such points are called nodes. As a result of 
the superposition of the direct and reflected waves the cord is 
broken up into a series of vibrating loops, or ventral segments, 
(Fig. 71), separated by points of minimum motion N. 

Such a vibratory motion is called a Btationary vibration or a 
stationary wave. The distance 

from one node to the next, or ^ ^^p^n^^^n^^^^^^^> ^ 
from one antinode to the next, N N N 

Vm 71 

is one half wave length of the 

pulse in the cord. Stationary vibrations may thus be set up in 
any medium capable of transmitting wave motion, and the phe- 
nomena of nodes and antinodes developed according to the prin- 
ciples just laid down. In all cases, the distance from node to 
node^ or from antinode to antinode^ is X/2, for the medium in 
question. From node to antinode is X/4. 

In all cases of sustained tones, as those from organ pipes, 
tuning forks, piano, violin, or guitar strings, the vibrating me- 
dium, whether air column, bar, or string, is executing stationary 
vibrations^ and consequently presents the characteristic feature 
of stationary waves, i.«., nodes and antinodes, 

134. Laws of Transverse Vibrations of Strings. A string 
fastened at the ends and vibrated transversely executes sta- 
tionary vibrations as described in the previous article. The 
vibration of the string gives rise to a note of definite pitch, 
dependent upon the physical constants of the string and upon 
its mode of vibration. The condition for stationary vibration is 

|i = Ar=* (208) 

V n 

where n is the frequency of the note produced by the string. 
Of the various modes of vibration dependent upon the value of 
A, the simplest is that in which the string vibrates as a whole, 
with a node at each end. In this case A = 1, and 

n = f^ (209) 
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This vibration is called the fundamental vibration^ and the 
tone th^ fundamental or lowest tone given by the string. 

It may be shown mathematically that the velocity of a tran9- 
verse wave in a thin, flexible string, of density d and radius r, 
when stretched by r force of T dynes, is given by the expression 






If we substitute this value for the velocity in the equation 
for the frequency, we have 

Hence the frequency of the fundamental tone emitted by a 
string vibrating transversely, varies 

(a) Inversely as the length of the string. 

(6) Inversely as the radius of the string. 

((?) Inversely as the square root of the density of the string. 

(d) Directly as the square root of the stretching force. 

These laws are deduced theoretically from the case of a long, 
thin and perfectly flexible string, and are very nearly realized 
in the case of silk or gut strings. If metallic strings are used, 
the rigidity of the string acts as an added stretching force, thus 
making the frequency higher than the formula would indicate. 

135. Melde's Experiment. If a thin, flexible cord some four 
meters long be attached to some convenient source of simple 
harmonic motion, and the stretching force be properly adjusted, 
the laws of vibrating strings may be verified by experiment. 

In Melde's experiment one end of the cord is attached to 
one prong of a vertical tuning fork, and the other end carrying 
a pan is passed over a light pulley. If the prongs of the fork 
stand normally to the cord, and vibrate in the direction of its 
length, then the end of the cord will be displaced longitudinally 
at each vibration of the fork. At the forward swing the cord 
relaxes and drops down, rises and stretches tight on the back- 
ward swing of the fork, passes the position of rest and rises 
above on the next forward swing, falls to the middle on the 



VIBRATORT PHENOMENA AND RESONANCE 165 

backward swing and to its lowest position again on the forward 
swing. The fork has thus made two complete vibrations, for a 
single vibration of the cord^ or the cord in this position, vibrates 
an octave lower than the fork. 

If the stretching force be properly adjusted by weights placed 
in the pan, the cord opens out into a wide spindle which remains 
fixed while the vibration continues. If the stretching force be 
reduced to one fourth its value, the velocity of the pulse will be 
one half its previous value, and the cord will now present two 
spindles with a node in the center. One ninth the original 
stretching force will give three spindles and two nodes. This 
verifies the law of the stretching forces. 

If the fork be rotated about a vertical axis so that its vibra- 
tions are normal to the length of the cord, the cord will vibrate 
in unison with the fork, and for the original stretching force, 
it will divide into two spindles^ where it previously vibrated in 
one. Since each half now vibrates in unison with the fork, while 
before the whole cord vibrated an octave bdow the fork, the 
law of lengths is demonstrated. 

136. Segmental Vibration. It has been shown that a string 
may execute stationary vibrations under the condition that 

V n 

This means that the frequency of the tone emitted by a string 
may depend upon its mode of vibration^ as well as upon its lengthy 
diameter,, density^ or the stretching force to which it is subjected. 
In the case of a string sounding its fundamental, k is unity and 
the string vibrates as a whole^ with nodes at the two ends. This 
is the simplest mode of vibration. The next simplest is when 
the string is divided into two segments with a node in the mid 
die. In this case A = 2, and the frequency is double that of the 
fundamental. This tone may be drawn from a string by hold- 
ing it at its middle point with a thin shaving of cork and bow- 
ing it lightly at about one ninth its length from one end. Here 
the string may be considered as made up of two strings of equal 
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length vibrating in unison, and producing a tone an octave 
above the fundamental. In a similar way the string may be 
broken up into three, four, five, six, or any number of equal 
segments, corresponding to the integral values of k. The 
frequency of the tone in each case is inversely as the length of 
the segments, and consequently if the string vibrate in three 
segments, the frequency is three times that of the ftmdamental; 
if it vibrate in fourths, the frequency is four times the funda- 
mental ; if in fifths, five times, etc. 

The experimental demonstration of segmental vibration is 
most readily accomplished by means of a piece of piano wire 
about four meters long, tightly stretched between two bridges 
clamped to the top of a long table. One end should be attached 
to a key or screw in order to vary the stretching force at will. 
A series of stiff paper markers should indicate the aliquot parts 
of the string, as the thirds, fourths, sixths, etc. A thin shaving 
of cork should be slit and fixed upon the wire so as to slide 
freely upon it. Little riders of white and colored paper may 
be distributed along the wire, with the white ones at the aliquot 

the cork be held at one eighth the length of the wire and 
e bow be applied, gently at first, then more vigorously, the 
riders at the eighths will remain seated while all the others will 
be thrown off. The frequency of the tone emitted by the string 
will be eight times that of the fundamental. In a similar way 
the string may be made to vibrate in sixths, fifths, fourths, thirds 
and halves, the position of the cork marking a node in each case. 
If the cork be not upon some aliquot point, no satisfactory vibra- 
/(>&Up^'' tion and no note of definite pitch can be produced, hence we 
conclude that a uniform string may vibrate as a whole^ or in any 




i 



J. 

^^^ ~ number of equal parts^ and the frequency of the note emitted will 

T^-t/zCoHp ^^ proportional to the number of parts. 

137. Overtones. If the piano wire of the preceding experi- 
ment be vigorously bowed and then damped at one fourth its 
length, the note will be observed to change its character. The 
fundamental will disappear and the second octave, a note whose 
frequency is four times that of the fundamental, will be heard 
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instead. This shows that while the string was vibrating as a 
whole^ it was also vibrating in fourths^ and further, that the note 
emitted was made up of the fundamental tone and the second oc- 
tave. By successively bowing the string, and damping it at 
the middle, and at one third its length, the first octave and the 
twelfth are found to be present when the string vibrates freely. 

It thus appears that a string may at the same time vibrate as 
a whole and divide into several sets of equal segments, thus 
giving rise to the fundamental and also to tones whose frequen- 
cies are much higher than that of the fundamental. The higher 
tones thus obtained are termed overtones^ or upper partials. In 
case their frequencies are exact multiples of that of the funda- 
mental, the entire series are called harmonics, in which the 
fundamental is properly termed the first, the first octave the sec- 
ond, the twelfth the third harmonic, and so on, since these tones 
represent a series in which the frequencies are as 1 : 2 : 3 : 4 : 5, etc. 

If we consider the key of O, the first ten harmonics, count- 
ing the fundamental as the first, are O (1), c (2), g (3), c^ (4), 

^1 (^)' ffi (6)' ^2 (^)' ^2 C^)' ^2 0-^^ ' where the seventh har- 
monic lies between a^ and b^ and may be represented by b^ flat. 

Of these tones it will be observed that the first six harmonics 
are consonant tones, and if sounded together, would produce 
the effect of a perfect major chord. In a string of uniform 
dimensions and homogeneous structure, the frequencies of the 
upper partials approach very nearly the exact relation demanded 
for harmonics. It is for this reason that the music from 
stringed instruments is so rich and pleasing. 

Again, it is clear that if the string be bowed or struck at its 
middle point, that point cannot by any possibility be a node. 
Hence all partial tones which require the presence of a node at 
the middle of the string must of necessity be absent. The dis- 
cordant effect of the seventh and ninth harmonics of a string 
are avoided in the case of a piano by having the hammer strike 
the wire at a distance of a little less than one seventh the length 
of the string from one end. 
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Problems 

1. Show that the right and left hand members of the equation 



-ii 



are of the same dimensions. 

2. Assuming the velocity of sound in air at 0^ C to be 331.36 m per 
second, calculate the velocity in hydrogen at the same temperature, having 
given the mass of one liter of hydrogen = 0.0896 g. 

3. Find the temperature at which the velocity of sound in air is 356 m 
per second. 

4. The flash of a hunter's gun is seen and after 5 sec the sound is heard. 
Required the distance from the observer to the hunter, the temperature 
being 22° C. 

5. CoUadon and Sturm measured .the velocity of sound in the waters of 
Lake Geneva, and found that it traveled 1435 ni per second, the tempera- 
ture being 8^.1 C. Compute the coefficient of elasticity for water at this 
temperature. 

6. A wire 50 cm in length and of mass 80 g is stretched so that it 
makes 100 complete vibrations per second. Compute the stretching force. 

7. A string is attached to one prong of a tuning fork and after passing 
over a smooth peg is stretched with a force of 32 x 10* dynes. When the 
string is parallel to the motion of the fork it vibrates steadily in three seg- 
ments. What stretching force is required to make it divide into two seg- 
ments? Into five segments? 

8. What stretching force is needed to have the above-mentioned string 
divide into eight segments, when the string stands at right angles to the 
motion of the fork ? 

9. Determine the vibration frequency of an air particle in a sound wave 
10 m long (t = 20^ C). 

10. If the first syllable of an echo reaches the ear 3 sec after the spoken 
word, how far distant is the reflecting surface? (t = 20° C). 

11. A stone is dropped into a well and the sound of the splash is heard 
after 5 sec. How deep is the well, if the temperature be 10° C ? 

12. An open organ pipe 120 cm in length is tuned correctly when the 
room temperature is 20° C. What will be the change in its frequency when 
the temperature rises to 32° C ? 

13. A workman strikes a blow with a hammer upon one end of an empty 
iron water pipe, 600 m long. A second workman placing one ear against 
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the other end hears two sounds. How far apart are they in time ? Tem- 
perature 20° C. (v for sound in cast iron = 5000— . \ 

\ sec / 

14. A horizontal string carrying a small globule of mercury is viewed 
through a lens fastened to one prong of a tuning fork, placed at right angles 
to the string and vibrating horizontally. The fork has a frequency of 128. 
The fork is bowed and the string is tuned until the ellipse seen through the 
lens makes one complete rotation in 6 sec. If the stretohing force be in- 
creased, the Lissajous' figure rotates faster. What is the per cent of error if 
this tuning be assumed as correct ? 



CHAPTER XVI 

VIBRATION OF AIR IN PIPES AND CAVITIES 

138. Vibration of Air Columns. In many musical instru- 
ments the vibrating body is a column of air in a pipe. Al- 
though the shape of the column and the mode of excitation 
may vary, yet the general principles of vibrating bodies will 
apply with but slight modification. When a series of similar 
pipes of the same diameter but of different lengths are 
sounded by blowing in turn across the ends of each, it will be 
found that the frequencies of the sounds produced are practi- 
cally inversely as the length ; that is, a slender pipe 10 cm 
long will give a note approximately one octave higher than a 
similar pipe 20 cm long, and two octaves higher than one 40 
cm long. 

If a tuning fork be held over a vertical pipe, the lower end 
of which is connected with a water supply for varying the 
length of the enclosed air column, it will be found that for a 
certain level of the water the air column in the pipe responds 
loudly to the vibrations of the fork. If pipes of different 
diameters are used, it will be found that under similar condi- 
tions the length of pipe responding to a given fork is nearly 
constant, diminishing slightly as the diameter increases. 
Again, if a closed pipe 20 cm long respond to a given fork, it 
will be found that an open pipe of the same diameter and same 
length will respond to a fork an octave higher than the first 
fork. This shows that the piteh of an open pipe is an octave 
higher than that of a closed pipe of the same length. 

139. Length of Organ Pipe and Wave Length of Fundamental 
Tone, (a) Open pipe. Suppose an open pipe (Fig. 72), have 
placed before one end, a tuning fork or other suitable vibrator, 
which sends a series of sound waves into the pipe. Then for 

170 
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the pipe and the tuning fork to vibrate in unison^ it is necessary 
for the reflected wave to return to the end B^ in the proper 
phase to unite with the outgoing wave. This means that 
when the fork starts to swing from a" to a' a condensation is 
sent into the pipe and runs the length BA while the prong 
moves the distance a"a'. At the open end A the condensation 
is reflected as a rarefaction (Art. 118), which starts into the 
tube at A at the same instant ^,« ^, 
that a rarefaction enters at -B, 
due to the backward motion of 
the prong from a\ These two ^^- '^^' 

rarefactions meet at the center of the tube, producing a double 
rarefaction for an instant, and pass on to the open ends to be 
reflected as condensations, at the instant the fork begins a sec- 
ond swing from left to right. The condensation at B unites 
with a new condensation from the fork, and the combined con- 
densations run in at B while the reflected condensation enters 
at A. The two condensations meet at the middle, forming a 
double condensation at that point, just half a period later than 
the double rarefaction. 

The disturbance is thus seen to travel the length of the pipe 
twice during one complete vibration of the fork, or, for the 
fundamental tone of the open pipe, 

T " (212) 

whence 2 I = VT= \ 

This shows that for an open organ pipe the wave length of the 
fundamental is twice the length of the pipe, 

(h) Closed pipe. In the closed pipe the fork on its swing 
from left to right sends in a condensation which runs to the 
closed end and being reflected as a condensation runs back to 
the open end, where it emerges and combines with the out- 
going condensation caused by the fork on its swing from right 
to left. At the same time the emerging condensation is re- 
flected into the pipe at the open end as a rarefaction which 
combines with the rarefaction left in the rear of the fork on its 
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passage from right to left. The condensation or the rarefac- 
tion has in each case run the length of the pipe tteiee during 
hay a vibration of the fork, or for unison with the fundamental, 

T"-' (213) 

whence 4 I = VT= X 

That 18, the wave length of the fundamental of a closed organ 
pipe is four timei the length of the pipe. If we compare this 
result with that obtained for the open pipe, we see that the 
wave length of the closed pipe is double that of an open pipe 
of the same length, or the fundamental of a closed pipe is an 
octave lower than that of an open pipe of the same length. 

140. ffodes in Open and Closed Organ Pipes. In the open 
pipe it was shown that a node existed in the middle, at which 
point there existed alternately double rarefactions and double 
condensations at intervals of half a period. A node therefore 
in a vibrating air column is to be considered tu a place of maxU 
mum change of dentity, hut of minimum motion. In an open 
pipe there is tUways an antinode at each end, since at the open 
end the motion is unre- 
stricted. For the fundsr 
mental in au open pipe, 
therefore, there is a node 
in the middle and an 
antinode at each end, or 
the pipe contains one hdff 
N wave length (Fig. 73 A). 
If the pipe be blown 
more strongly, it gives 
its first octave, the air 
column breaks up into 
P'o. 73- segments, with a node 

at one quarter the length of the pipe from each end, and an 
antinode at the middle and at each end. In this case the pipe 
contains two half wave lengths, and the corresponding note is an 
octave above the fundamental (Fig. 73 B"). 
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The second overtone is given by the air column forming 
three nodes, one at one sixth the length of the pipe from either 
end and at the middle, with antinodes between. In this case 
the pipe contains three half wave lengths; and the frequency of 
the tone is three times that of the fundamental (Fig. 73 (7), 
and so on for higher tones. Hence in an open pipe all the over- 
tones are present. 

In a closed pipe, there is always a node at the closed end^ since 
the air is at rest there, and as usual there is an antinode at the 
open end. For the fundamental the pipe contains one fourth 
wave length (Fig. 73 D). 

The first overtone in the closed pipe is given by the air col- 
umn forming a new node, at one third the distance from the 
open end. The pipe thus contains three fourth wave lengths^ 
and the tone has three times the frequency of the fundamental 
(Fig. 73 E). The second overtone produces a node at one fifth 
and three fifths the length of the pipe from the open end. The 
pipe Goni?Axi^ five fourth wave lengths^ and the frequency of the 
tone is five times that of the fundamental (Fig. 73 F), 
Hence in closed pipes only those overtones are present whose 
vibration frequencies correspond to the odd multiples of the 
fundamental, 

141. Quality of Sound. By means of his analysis of musical 
sounds von Helmholtz decided that the quality of a sound de- 
pends upon the number of overtones associated with the funda- 
mental and upon their relative intensities, and is independent 
of their differences in phase. Quality of sound depends upon 
the form of the sound wave. In the ear the various constitu- 
ents of a complex wave are separated and noted, and the effects 
of the various combinations distinguished. Von Helmholtz 
showed not only by direct analysis, but also by synthesis, that 
the sounds of certain musical instruments consist of definite 
overtones combined with the fundamental. By means of a 
series of tuning forks each of which gave a simple tone, he was 
able successfully to reproduce the notes of various musical 
instruments, and even to imitate most of the vowel sounds of 
the human voice. 
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Fig. 74. 




An admirable instrument for the analysis of sound is found 
in the manometric capsule devised by Koenig. A cylindrical 

box (Fig. 74) is divided into sepa^ 
rate, air-tight compartments by a 
flexible diaphragm, D, of thin rub- 
ber, or goldbeater's skin. Into one 
of the compartments, A^ are intro- 
duced the sound waves by means of 
the funnel M. The compartment 
B contains illuminating gas, which enters through the tube (7, 
and is ignited at the tip. If a condensation impinge upon 
the diaphragm, the gas in B is compressed and the flame leaps 
up ; if a rarefaction enter A^ the pressure in B is less and the 
flame is drawn down. If a musical note be sung into the fun- 
nel, the flame vibrates in unison with the air particles in Aj 
and if it be viewed in a rotating 
mirror, the eye can determine at 
once the nature and constitution of 
the sound. In Fig. 76 the upper 
picture represents the appearance in 
the mirror when a simple tone is 
sounded in the funnel. The middle 
line represents the appearance of the 
flame when the octave of the first 
note is sounded, and the third shows 
the eflEect of combining the two. 
Manometric capsules may be at- 
tached to each of a series of resonators and the combination 
affords a means of instantly determining the composition of any 
note sounded in its vicinity. 

142. Eundt's Experiment. The principle of resonance has 
been ingeniously applied by Kundt to the measurement of the 
velocity of sound in solids or in gases. A long glass tube 
(Fig. 76), some 6 cm in diameter, is furnished at one end with 
a loosely fitting piston, and has the other end closed by a sheet 
of thin rubber. A rod of brass or other metal is held by its 

/J /^^x, '^X/' ' '*^ '-*'* t— ^W cCx Ta l6s y / \^ .^ r(jt^ %^ _ 




Fig. 75. 
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middle point in a vise and one end is furnished with a disk of 
stiff paper which rests against the rubber membrane of the 




Fig. 76. 

glass tube. The inside of the tube is dusted with fine cork 
filings or amorphous silica. 

When the rod is stroked with a piece of chamois skin cov- 
ered with a little rosin, it gives a loud clear note. It vibrates 
longitudinally, with a node in the center, after the manner of 
the air in an open organ pipe. The paper disk communicates 
the vibrations of the rod to the air in the tube, and when the 
length of the enclosed air column has been properly adjusted by 
means of the piston, the cork dust is tossed about into little 
heaps owing to the resonance of the air with the note emitted 
by the rod. 

As we have already seen, the conditions of resonance demand 
that the path run over by the disturbance from the end of the 
rod to the end of the air column and back again, must be some 
even number of wave lengths, since the tube is closed at each 
end, and the motion is twice reflected with change of sign in 
direction, but without change of sign in condensation. When 
resonance has been established, the powder in the tube assumes 
the appearance shown in Fig. 76. The nodes, being points of 
minimum motion, are marked by small circles of the cork fil- 
ings, while the antinodes are shown by transverse heaps of 
dust, where it has fallen at the cessation of the sound. 

In Art. 133 it was shown that the distance from node to 
node is a half wave length of the disturbance in the medium. 
The nodal lengths in the air may be readily measured from the 
circles of powder, and the half wave length of the sound in air 
computed. Since the rod behaves as an open organ pipe sound- 
ing its fundamental, it follows that the length of the rod 18 one 
half wave length of the sound in brass. If Va and F^, \a and X^ 
represent the velocities and wave lengths of sound in air and 
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brass respectively, then, since the period is the same in each 
case, we have 

2 
°'' V,= Va^ (215) 

For gases, an additional tube with powder is fitted up and 
placed in contact with the other end of the rod. From the 
measured lengths of the nodal distances in the gas and in air 
the computation is made as given above. 

143. Mouthpieces. The various forms of wind instruments 
differ chiefly in the mode of excitation of vibration of the en- 
closed column of air. That part of the instrument in which 
such vibration is excited is called the mouthpiece. Mouth- 
pieces may be divided into three classes. 

(a) Those in which the air is blown across a sharp edge or 
across an opening, as in the common tin whistle, the organ 
pipe, or the flute. 

(J) Those in which the air is forced through an opening, 
either partially closed by an elastic tongue or reed which 
swings through, as in the common cabinet organ, harmonica, 
accordion, etc., or closed by a reed which shuts down upon the 
opening as in the clarionet, oboe and bassoon. 

(<?) Those in which the air is forced through a slit formed 
of two elastic membranes. This form of mouthpiece is made 
by cutting off the ends of a wooden tube obliquely on opposite 
sides and tying two strips of thin rubber over the faces so 
formed, so as to leave a narrow slit along their line of junction. 
If air be blown through the slit,^a note will be produced, whose 
pitch will be modified by the body of air in the tube. 

144. Vocal Organs. Of all musical instruments the larynx, 
the organ of human speech and song, is the most wonderful, 
both on account of its simplicity as well as for its extreme 
delicacy and range. 
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The larynx may be briefly described as a box formed by three 
plates of articulated cartilage which are moved by muscles, 
placed at the upper end of the trachea or windpipe. 

The base of the larynx is formed of a large ring of cartilage 
called the cricoid (ring shaped) cartilage. Attached to this is 
the thyroid or shield-shaped cartilage, which is bent in the 
shape of a F; and fastened to the edges of the cricoid ring by 
its sides, the point of the V being turned to the front, forming 
the projection oo the front of the throat known as " Adam's 
apple." At the back of the cricoid are fastened two small 
pointed cartilages, the arytenoid (funnel shaped) cartilages. 
Stretching between the arytenoid cartilages to the inner sides 
of the r"-shaped thyroid are two elastic membranes, one fast- 
ened to each leg of the V. These are the vocal chorda, cc 





(Fig. 77 B). Just above these are two folds of mucous mem- 
brane, known as the falte vocal chords, ff (Fig. 77 A). 

When the peak of the thyroid is not drawn down, the vocal 
chords are lax and the breath passes freely between them as in 
ordinary breathing. But when the peak of the thyroid is 
pulled down by the muscles attached to it, the vocal chords are 
stretched, the arytenoid cartilages move nearer to each other, 
and the thin, sharp edges of the vocal chords form a narrow 
slit across the windpipe, through which the air is forced, caus- 
ing them to vibrate as the rubber membranes in the third form 
of mouthpiece described in Art. 143. 

The pitch of the tone produced by the vocal chords depends 
upon their size, length and tension. The tension is controlled 
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by the attached muscles, so that the singer can vary at will the 
pitch of the tone produced. 

The quality of the sound produced is modified by the ree- 
onant qualities of the cavities of the mouth, throat and nasal 



145. The Ear. The human ear consists of three well-marked 
divisions, termed the externa^ middle and internal ear. The 




external part includes the familar appendage at the side of the 
head, and the auditory canal, or meatus, M (Fig. 78), in which 
is shown a section through the right ear. 

The meatus is closed by the tympanum, or eardrum, mt. 
This separates the external from the middle ear, and acts as a 
receiving membrane against which the sound waves impinge. 

In the middle ear is found a chain of three small bones : 
the hammer (malleuB), m ; the anvil (incm)., i \ and the stirrup 



The handle of the hammer is attached to the tympanum and 
the base of the stirrup rests against the membrane of the ovcil 
window, a small oval opening into the inner ear. The middl 
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ear communicates with the external air by means of the Eu- 
stachian tube jE?, which leads to the upper part of the throat. 

The internal ear, or labyrinth, is seated deep in the skull, 
and communicates with the middle ear by two openings in its 
bony case, the oval window^ and the round window^ fr. It con- 
sists of three parts : the vestibule^ V; the semicircular canals:, A, 
tjp, va ; and the cochlea^ or snail shell, <?, all of which are filled 
with a watery fluid. 

The cochlea is a tapering tube, coiled up like a snail shell, 
and divided longitudinally into two compartments. These are 
formed by a bony partition, extending out from the axis of the 
spiral, and two membranes joined to its edge and attached to 
the walls of the tube. In the fluid of the cochlea between the 
two membranes are found about 3000 rods of different length, 
known as the rods of Corti. These rods are fastened to the 
lower membrane, standing in two parallel rows, which extend 
its whole length. The rows lean toward each other, each rod 
being joined to its opposite neighbor. A nerve filament from 
the brain is connected to each pair of rods. A large number 
of stiff, elastic hairs are also found floating in the fluid of the 
vestibule and attached to the membrane on its sides. 

The process of hearing begins in the transmission of the 
sound waves to the drum of the ear through the air. From the 
eardrum the vibratory motion is transferred by the small bones, 
to the yielding membrane of the oval window, and transmitted 
to the enclosed liquid of the vestibule and the cochlea, by which 
it is transmitted to the nerve filaments attached to the rods of 
Corti. It is thought that the function of these rods is to resolve 
sounds into their components and to report the individual com- 
ponents to the brain. It is assumed that such resolution is ef- 
fected through resonance ; each pair of rods responding to some 
specific tone. The hairlike extensions of nerve filaments in 
the vestibule are thought to aid in the perception of sounds 
that are lacking in tonal or musical quality. 

The semicircular canals A, va, and vp (Fig. 78) are so placed 
that one lies in a horizontal plane, the second in a vertical plane 
from front to back, and the third in a vertical plane from right 
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to left. These canals seem to have no connection with the 
sense of sound, but are regarded as the organ of the sense of 
equilibrium. Animals from which one or more of these tubes 
have been removed seem to experience great diiBculty in main- 
taining their equilibrium. 



HEAT 
INTRODUCTION 

CHAPTER XVII 

NATURE OF HBAT 

146. Nature of Heat. When a vessel containing cold water 
is placed over a fire, the water first becomes warm, then hot, 
and finally begins to boil, owing to the passage of heat from 
the fire to the water. After the water has begun to boil, it 
will not become appreciably hotter, no matter how long the boil- 
ing may be continued. If the fire be made more intense, the 
water will only boil more rapidly. There is no reason to sup- 
pose that heat ceases to pass into the water when the boiling 
begins. On the contrary, it seems clear that large quantities 
of heat are absorbed in order to keep the water boiling, and 
that the only eifect which this heat produces is the continuous 
formation of steam from the boiling water. 

If the experiment be begun with a vessel filled with pieces of 
ice, the ice melts, but if heat be added slowly and the contents 
of the vessel be continually stirred, the mixture of ice and 
water remains practically as cold as the ice, so long as there is 
any ice present. Only after the ice is all melted does the water 
begin to grow sensibly warmer. 

From this we see that the addition of what we call heat 
to a body produces two distinct effects : (a) A change in the 
condition of the body affecting the sensation of warmth and 
cold. Such expressions as " cold," " cool," " warm," " tepid," 
and **hot," all refer primarily to this sensation, or they char- 
acterize the degree of hotness of the body. In scientific lan- 
guage the thermal condition of a body is designated as its 
temperature^ and the hotter a body is, the higher its temperature 
is said to be. 

181 



182 COLLEGE PHYSICS 

(J) A change of state, such as the formation of water from 
ice or steam from water. 

The addition of heat to a body produces many other effects. 
For example, if a thermometer be placed in hot water, the 
mercury rises in the tube, showing that the volume of the 
mercury increases on the addition of heat. 

Again, if instead of the thermometer, we place in the hot 
water a thin glass flask completely filled with air or any other 
fluid, and closed by a stopper to prevent change of volume, we 
shall see that one of two things will happen : either the stopper 
will be driven out or the flask will be broken. This shows that 
the pressure of an enclosed mass of fluid increases on heating, 
provided the. volume be kept constant. 

In fact, almost every physical property of a body will change 
when the body is heated, but the examples cited are sufficient 
to show that change of temperature is only one of the many 
effects which heat can produce, and that heat and temperature 
are two entirely different physical quantities. 

Heat was formerly supposed to be a subtle, imponderable 
fluid called "caloric," which upon entering a body produced 
the effects considered above (Black,^ 1728-1799). Many of 
the terms used in the following pages date back to the caloric 
theory. At the close of the eighteenth century, however, a 
number of experiments by Count Rumford ^ (1753-1814) and Sir 
Humphry Davy^ (1778-1829) proved definitely that heat may 
he produced by work done against friction^ and that the quantity 
of heat produced bears a constant ratio to the quantity of work 
expended in overcoming friction. 

These experiments disposed of the caloric theory of heat, 
once for all, and by connecting the production of heat directly 
with the known laws of mechanics, placed this branch of physics 
upon a sound scientific basis. At present heat is known to be a 
form of energy which shows itself chiefly through the effects of 
temperature changes produced by it in different bodies, 

1 Black, Lectures on the Elements of Chemistry, vol. i, p. 166 ; 1803. 

2 Rumford, Phil. Trans, 1798 and 1799. 
' Davy, Complete Works, yol. ii, p. 11. 
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147. Molecular Theory of Heat. The view that heat is a 
form of energy is closely connected with the molecular theory 
of the constitution of matter. In this theory it is assumed that 
the molecules of a body are in continuous and irregular motion. 
In a solid this molecular motion is restricted to a small space 
about the position of equilibrium of the molecule which, in 
general, may be considered as *fixed in the body. In liquids 
there is more molecular freedom, so that the molecules are able 
to slip past each other and move about from point to point 
within the liquid, as is shown in the phenomena of diffusion 
(Art. 98). In a ga.s the molecules are assumed to have great 
freedom of motion and to be held together only by the applica- 
tion of some external force. In gases of ordinary density the 
mutual force of attraction between the individual molecules is 
conceived to be extremely small, and to exert little or no ten- 
dency to draw the mass of gas together, until the gas has been 
compressed by external force almost to the point of liquefaction. 

It is also to be noted that the motion of the molecules is as- 
sumed to be not only continuous and irregular^ but blind and 
undirected as well. By this we mean that the motion of the 
molecules of an enclosed gas is not comparable to that of per- 
sons in a crowd or of bees in a swarm, where the motion, while 
both continuous and irregular, is yet such that the individual 
avoids collision with his fellows. The molecules of the gas, 
however, are continually colliding with the walls of the enclos- 
ing vessel and also with each other. 

The average distance traversed by a molecule between colli- 
sions is termed the mean free path of the molecule. Obviously 
this mean free path decreases as the density of the gas in- 
creases ; when the gas has been compressed until liquefaction 
occurs the mean free path is greatly restricted, while in the 
case of a solid the molecule is closely hemmed in by its neigh- 
bors, and its motion becomes in general an irregular vibration 
about its position of equilibrium, in which it is held by the mole- 
cular attraction of its fellows. However, diffusion has been ob 
served between solids, especially at higher temperatures, showing 
that the molecules of a solid have still a certain amount of freedom. 
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The energy of the molecule, like the energy of the whole 
mass, may take either the potential or the kinetic form. Simi- 
larly, the kinetic energy of the molecule may be either transla- 
tional or rotational in character. If heat be added to a body, 
there results an increase in the molecular energy of the body 
at the point at which the heat enters the body. This increase 
of energy soon becomes distributed throughout the body, owing 
to the constant collisions of the molecules. If the average 
molecular kinetic energy per unit volume of the body has be- 
come the same in all parts of the body, the body is said to be 
uniformly heated. The rise in the temperature of a body is 
thus explained by an increase in the kinetic energy of the 
molecules. 

If we strike a piece of iron with a heavy hammer, the mass 
kinetic energy of the hammer suddenly disappears and in its 
stead the molecules of the hammer and of the piece of iron are 
thrown into more violent agitation, or the hammer and the iron 
are heated. In this way we see that the mass kinetic energy 
of the hammer has been transformed into molecular kinetic 
energy in the hammer and in the iron. 

Although the molecular theory of heat furnishes a satisfactory 
explanation for the phenomena of heat, yet the laws and rela- 
tions derived in the following paragraphs are entirely indepen- 
dent of any theoretical explanation of the processes of heating 
and cooling. 
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148. Temperature. After a body has either gained or lost 
heat, its thermal condition has undergone a certain change. 
Neglecting for the present any possible change of state, the 
most noticeable change in the body produced by this gain or 
OSS in heat is a change in its temperature. It therefore be- (- 
comes a matter of first importance to arrive at some reliable 
means for the measurement of this temperature change. 

Our temperature sense furnishes us an approximate idea of the 
thermal condition of a body, although this estimate is greatly 
influenced by other factors. Thus on a cold day a piece of 
metal feels very cold to the touch, while a piece of wood seems 
less cold and a piece of wool may even appear warm. On a 
hot day these sensations would be exactly reversed, since the 
metal would then seem hot, the wood less so and the wool 
would appear cool. From this it is clear that our sensations 
of heat and cold depend not so much upon the actual tempera- 
ture of the body in question, as upon the rate at which heat 
passes from the hand to the body, or from the body to the 
hand in either case. The apparent differences in temperature 
are due to the fact that this rate of transmission of heat from or 
to the hand in the foregoing examples is much greater in the case 
of metals than in the case of such substances as wood or wool. 

A more reliable and accurate method of comparing tempera- 
tures is found in the measurement of some one of the many 
physical changes accompanying a change in the temperature 
of a body. In this sense temperature is the physical measure^ on 
an arbitrary scale^ of that condition of a hody^ capable of affecting 
our sense of warmth and cold. An instrument used for measur- 
ing temperature is called a thermometer, or in the case of very 
high temperatures, a pyrometer. 

186 
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It is evident that a thermometer indicates directly, simply 
its own temperature, and only indirectly the temperature of 
the medium in which it is immersed. However, the law of 
equalization of temperature states that, when two bodies are in 
close thermal contact, and do not lose heat rapidly to their sur- 
roundings, nor gain heat from outside sources, any difference 
in temperature will soon disappear unless one of the bodies 
either gains or loses heat more rapidly than the other. Con- 
sequently a thermometer immersed in a fluid will soon assume 
the temperature of the fluid, and its readings, after becoming 
constant, may safely be assumed to indicate the temperature 
of the fluid in which it is immersed. 

149. The Mercury-in-glass Thermometer. The most com- 
mon form of thermometer is the mercury-in-glass thermometer, 
or a thermometer in which mercury is used as the thermo- 
metric substance, whose expansion in contrast to the expansion 
of the enclosing glass bulb is to be used to measure tempera- 
ture changes. The principle of temperature measurement is, 
that changes in temperature, corresponding to equal changes 
in the apparent volume of mercury in glass, shall be called 
equal changes in temperature. As a thermometric substance, 
mercury has certain advantages over other liquids : 

(a) It is easily obtained in a pure state. 

(6) It does not stick to the glass. 

({?) It is opaque and easily seen in a capillary glass tube. 

((2) Its expansion with change of temperature is quite large. 

(«) To each temperature there corresponds one and but one 
definite volume. 

(/) It requires but a small amount of heat to raise its tem- 
perature through a given range, and so the introduction of the 
thermometer does not appreciably change the temperature of 
the substance whose temperature is to be measured. 

In order to render small changes in volume noticeable, the 
mercury is enclosed in a glass bulb ending in a tube of capillary 
bore. The sensitiveness of the thermometer is greater, the 
larger the bulb and the finer the capillary tube. 
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150. Limitations of the Mercury-in- glass Thermometer. Mer- 
cury freezes at — 39^C, and consequently cannot be used to 
measure temperatures below this point. Instead of mercury, al- 
cohol, toluene or pentane are used for low-temperature measure- 
ments. Pentane remains liquid even at — 200° C. Since these 
liquids expand at rates very different from that of mercury, a 
careful calibration of such thermometers is necessary. Mercury 
boils at 366*^.7 C, under atmospheric pressure, but the boiling 
may be prevented by an increase of pressure. In order, there- 
fore, to use mercury thermometers for still higher temperatures, 
it is only necessary to fill the space above the mercury in the 
tube of the thermometer with some inert gas, usually nitrogen. 
Upon the expansion of the mercury the enclosed nitrogen is com- 
pressed and the mercury is prevented from boiling. Mercury- 
in-glass thermometers reading up to 600® C are not uncommon, 
the only limit being the strength of the glass envelope. Glass 
becomes soft at temperatures higher than 550® C, but by using 
tubes of fused quartz which softens at about 1100® C, thermom- 
eters reading up to 700® C have been made. 

Another limitation of the mercury-in-glass thermometer is due 
to the nature of the glass envelope itself. Glass bulbs when 
blown, contract slowly for months and even years. This slow 
contraction changes the volume of mercury in the bulb, and so 
changes all readings of the thermometer by a certain amount. 
In this way a thermometer comes to read too high, and correction 
for this error must be made. This defect may be largely over- 
come by allowing the bulbs to lie several years before filling them. 

A second defect of the glass bulb arises from sudden and 
large temperature variations. Thus if a thermometer be placed 
first in ice water, then in boiling water, and again in ice water, 
the two readings in the ice water will not agree. This is due 
to the fact that the glass bulb, when expanded by the boiling 
water, does not return at once to its original volume when 
again immersed in the ice water. Since all readings are now 
too low, this defect is termed the " depression of the zero point." 
It may be almost entirely eliminated by the use of a special 
glass for making the bulbs. 
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151. Other Forms of Thermometer. As we shall see later, 
many other forms of thermometer have been devised and used 
for accurate scientific investigation or for use under conditions 
which would render the mercury thermometer unsuitable. 
The most satisfactory standard for temperature measurement 
is the change in pressure of a definite volume of hydrogen gas, 
under known conditions, and this thermometer, known as the 
standard hydrogen thermometer, has been generally accepted 
among scientific men (Art. 165). 

Of the various other forms of thermometer used for special 
purposes, a few will be mentioned here, but each will be more 
fully described in connection with the physical principle in- 
volved in its construction. Among these are the strain 
thermometer, depending upon the linear expansion of solids ; 
the gas thermometer, based upon the increase in volume or 
the increase in pressure of a mass of gas when heated ; the 
resistance thermometer, involving the increase of electrical 
resistance with increase of temperature; the thermo-couple^ 
depending upon the principles of thermo-electricity; and 
finally the radiation thermometer, based upon the laws of 
radiation, by means of which it has been rendered possible to 
measure the temperature of a remote source of energy, as for 
example, the sun or the moon, whose radiations come to us 
over vast distances. 

152. Centigrade and Fahrenheit Scales. After the thermo- 
metric substance and the principle of temperature measure- 
ment have been agreed upon, we are still free to select not only 
the value of a degree, or unit of change of temperature, but 
also the zero point from which to count. 

It has been shown by experiment that the temperatures of 
pure melting ice, and of steam issuing from boiling water, are 
constant under a given pressure. These two temperatures, cor- 
responding to a barometric pressure of 76 cm of mercury, are 
called the " freezing point " and the " boiling point." They are 
known as the fixed points of a thermometer, and the temperature 
difference between them is called the "fundamental interval." ^ 

1 For experimental determination of the fixed points, see Ma nual, Exercisy j^. 
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In all scientific work the Centigrade scale is used, which 
divides the fundamental interval into 100 equal parts or de- 
grees, and takes the freezing point as the zero of the scale. 
All temperatures below this are written with the negative 
sign. The subdivision into 100 parts was 
first suggested by Celsius of Upsala, in 1742, , .-\ > 

For this reason, this scale is sometimes called 
the "Celsius scale," although he choose the ioo'-\ 
boiling point as zero and. the freezing point 
as 100. 

In English-speaking countries a diflerent 
scale, invented by Fahrenheit of Danzig 
(1686-1736), is used, and it is called the 
Fahrenheit scale. In this, the fundamental 
interval is divided into 180°, and the normal 
freezing point called 32°. It follows that the 
temperature of steam over water boiling under 
normal atmospheric pressure is 212° F. 

The reading for a given temperature on one 
of these scales may easily he changed to the 
corresponding reading on the other scale. Call 
# the reading on the Fahrenheit, and C the 
reading on the Centigrade scale; then, since 
there are J'— 32 and scale parts above or -<o°r 
elow the freezing point, we have (Fig. 79) 

1^3^ = m (216) 

C 100 *- ■' 

or F=^C+32 and 

C=f(J'-32) (217) ""■"'■ 

In a third scale, called the Reaumur scale, the fundamental 
interval is divided into 80 parts, with the freezing point as 
zero. This scale, however, is little used in this country. 

153. Uazlmum and Himlmum Thermometers. Frequently 
it is important to know only the highest or lowest temperature 
reached during a certain time interval. In Six's thermometer 
(Fig. 80) the large bulb A is filled with glycerine, while the 
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narrower tube is bent in a IT^hape and partly filled with mer- 
cury. On the other end of the I7-tube there is a small bulb B, 
partially evacuated, and also containing some glycerine. In 
the glycerine above the mercury, on both sides of the I7-tube, 
two thin, short iron wires are placed, each 
carrying a small spring which presses 
against the wall of the tube. With rising 
temperature, the mercury on the left-hand 
side pushes the wire above it upward, 
but on receding, as the temperature falls . 
again, leaves it in the highest position 
reached. With decreasing temperature, 
the mercury on the right-hand side rises 
and pushes its wire up until the minimum 
temperature is reached. The lower ends 
of the wires on the left and right hand 
side, respectively, then give the maximum 
S and minimum temperatures reached since 
the last setting. A new setting is made 
by pulling the wires down to the surface 
of the mercury, in each case by means of 
a mi^net. 

The United States Weather Service 
uses two separate thermometers. In the 
maximum thermometer, the bore of the 
tube is constricted near the bulb. With 
rising temperature, the mercury pushes 
through the constriction, but as soon as 
°' the temperature falls, the mercury breaks 

at this point, leaving the whole thread in the tube. Its reading 
gives directly the maximum temperature. The minimum ther- 
mometer is an alcohol thermometer, carrying within the alcohol 
a thin iron wire, which, by the surface tension of the alcohol, is 
pulled back to the lowest point reached. The alcohol on rising 
flows past the wire, leaving it at its lowest position. The end of 
the rod nearest the alcohol surface gives the minimum reading. 
Both thermometers are placed nearly horizontal (Fig. 81). The 
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maximum thermometer is reset by whirling it around the pin 
at its upper end. The centrifugal force drives the mercury 
back into the bulb. To replace the index in the minimum 
thermometer next to the alcohol surface, the bulb of the ther- 
mometer is raised until the wire slides forward. 




MaxiotiKff 



Fig. 81. 

Clinical thermometers are also maximum reading thermome- 
ters, in which the mercury, broken by the constricted tube, 
gives the maximum temperature indicated by the instrument 
while in contact with the body of the patient. The mercury is 
brought back into the bulb by centrifugal force. ^ 
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EXPANSION 

154. Linear Expansion of Solids. In solids, changes in length 
due to a change in temperature are, in general, very small. 
This change, however, may be shown to a large audience by 
clamping one end of a metal bar (Fig. 82) about one meter long 
to a solid support and allowing the other end to rest upon a 
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fine cambric needle, placed at right angles to the bar and free 
to roll upon a piece of plate glass. A long light pointer of 
paper attached to the needle will show its motion very clearly. 
On heating the bar, its free end will advance slightly, rolling 
the needle forward, and its motion, greatly magnified, is shown 
by the paper pointer. When allowed to cool the bar contracts* 
and the pointer moves in the opposite direction. 

For the accurate determination of the linear expansion of 
solids, very refined methods are required. The best of these 
are optical methods involving interference of light, and the 
change in length caused by a change in temperature is expressed 
in terms of the wave length of the light used.^ 

If L^ and L^ represent the lengths of a solid bar, at tempera- 
tures t^ and ^21 ^A^n the change in lengthy L^ — ij, is proportional 
to the original length L^ and is nearly proportional to the 

^ For a simple method for measuring linear eo^ansion see Manual^ Exercise ^^ 
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(219) 



change in temperature t^ — ty This is expressed by the 
equation 

L^-L^ = aL^ (t^ - f i) (218) 

or i„ — X. 

a = ^^-f 1— 

The proportionality factor a is called the coefficient of linear 
expansion^ and may be defined as the change in length per unit 
length per degree. The length at 0° C is usually taken as the 
original length, so that the length i^, at any other temperature 
tf^^ is given by the equation ^ 

A = J^j(ljMc^^ (220) 

However, a is not quite constant, but in general increases 
with increase of temperature, so that at higher temperatures the 
expansion per degree is somewhat larger than at lower tempera 
tures. In any determination of this physical quantity, theref orey 
it should always be stated between what limits the observations 
were made. 

TABLE VI 

Mean Coefficient of Linear Expansion between 0° and 100° C 

PER Degree C 




.iA.<Vk. , 



/-/ 



Substance 

Copper 

Iron 

Platiimm 

Zinc 

Brass 

Nickel-steel (36 % Ni) 



aXlO« 



17.1 

12.1 

0.3 

3.0 

18.4 

1.0 



Substance 

Glass 

Jena thermometer glass 

Porcelain 

Fused quartz . . . . 

Ice 

Hard rubber . . . . 



oxlO« 



7to9 

8.0 

3 to 4 

0.56 

52.0 

80.0 



155. Practical Importance of Expansion. The forces exerted 
by bodies expanding or contracting under change of tempera- 
ture are very great. Allowance must therefore be made for 
expansion in laying railroad rails or in designing girders for 
bridges. In a system of steam or hot water pipes expansion 
joints must be inserted. In riveting iron plates, the rivets are 
placed in the holes while red-hot and hammered into shape 
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before they cool appreciably; on cooling, the rivets grip the 
plates together with terrific force. Carriage tires are put on 
the wheel while hot, and the glass stopper of a flask, when 
•stuck," may often be loosened by gently heating the neck of 
the flask. 

Glass vessels are easily broken when suddenly heated or 
cooled, because the brittle glass cannot support the internal 
strains produced, before the temperatures of the outer and 
inner portions have become equalized. Porcelain will stand 
sudden changes much better, and fused quartz, whose coeffi- 
cient of linear expansion is only -^ of that of glass, may even 
be heated red-hot and plunged immediately into cold water 
without being broken. Invar steel is an alloy of nickel and 

Siron with very small temperature coefficient and 
is used extensively for the construction of pendu- 
lums, steel tapes, etc. 

156. Further AppUcations. Any variation in 
the length of the pendulum will change the rate 
of a pendulum clock. Several devices have been 
employed to maintain the length constant with 
changing temperature. In the gridiron pendulum 
(Fig. 83) the lengthening of the rods, marked a, 
usually of steel, lowers the bob, while the expan- 
sion of the rods b, usually of brass, raises the bob. 
If the total effective lengths of the two systems 
of rods be called L, and £j, and a, and a^ be their 
coefficients of linear expansion, the length of the 
pendulum remains the same with change of tem- 
perature, if the expansion of the brass be made 
equal to the expansion of the steel, or if, 

«r^.(<2 - ^) = <hhCt, - (i) (221) 

This condition is fulfilled, when 

L./L,= aja. (222) 

In the mercury compensating pendulum (Fig. 84) the 
lengthening or shortening of the rod is counteracted by a rise 
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or fall of the center of gravity due to the expansion of i 
caiy, either in a vessel forming the bob of the pen- L, 
dulum or enclosed in the hollow stem of the pendulum 
rod. 

In chronometers and the better grade of watches the 
rate is kept constant by making the rim of the balance 
wheel of two ditFerent metals, the one with the larger 
coefficient being on the outside (Fig. 85). If the 
temperature rise, the rim will bend so as to decrease 
the diameter and consequently the moment of inertia, 
producing a more rapid motion of the wheel. This is 
made to balance exactly the effect of temperature 
upon the elasticity of the spring and the effect of tlie 
expansion of the diameter, both 
of which would result in a slower 
motion of the wheel. 

The same principle is em- 
ployed in the so-called strain 
thermometers or " metallic " 
thermometers, frequently used 
in self-recording instruments. 
Their action may easily be un- 
derstood from Fig, 86. 





157. Cubical EzpaDsion of Solids, 
whose physical properties are the sar 



An isotropic body is one 

le in all directions. Con- 
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sequently an isotropic body, when heated, expands uniformly 
in all directions. Let us consider a parallelopiped cut from 
such a body. Let the three dimensions of this parallelopiped 
at 0^ C, be i q, Z^q, and i'"^ ; at t° C these dimensions will 
have become 

i",= X"o(l-haO [ (223) 

V\ = L^\ (1 -h a£) 

and L\ . l!\ • i% = L\ • L\ • V\ (1 -h ae)^ (224) 

= i'o • ^"o • ^'"o (1 + 3 (^) (226) 

since we may neglect terms containing g? and d? in comparison 
with 3 a. 

Also since V^ = i'o ' ^' o ' ^'"o (226) 

and V, = X', . L\ • Z'", (227) 

we have V, = To (^ + ^ «0 1 ^ooox 

= ro(i-h/Jo| ^^^^^ 

where /3=3a. (229) 

The quantity /J is called the eoefficient of evhical expansion. 

In cubical as in linear expansion there exists no strict pro- 
portionality between increase of volume and increase of 
temperature. This is the reason why the readings of ther- 
mometers filled with different liquids, such as mercury and 
alcohol, do not exactly agree. If an empty flask be heated, it 
expands as if it were solid throughout, and the internal cavity 
increases by the same amount as would a solid body of the 
same form as the cavity and made of the same material as the 
flask. 

158. Anomalous Expansion. Most substances expand upon 
being heated. There are, however, some exceptions to the 
rule such as iodide of silver, between — 60^ and -h 142®, 
cuprous oxide, below 4°, diamond, below — 39®, and fused 
quartz, below — 80°. The most important exception is water 
(Art. 160). 

A rubber tube, when stretched to twice its original length 
or more, contracts when steam is passed through it. Accurate 
measurements, however, show that its volume increases. The 
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rubber has become anisotropic and its expansion in different 
directions is different, just as in all crystals, except those of 
the regular system. 



159- Expansion of Liquids- The cubical expansion of liquids 
and gases is much larger than that of solids. If a vessel con- 
taining a liquid be heated, both liquid and vessel expand, and 
the rise of the liquid in the vessel, as for instance the rise of 
mercury in a thermometer, indicates merely the relative ex- 
pansion of the two substances. The effect of the expansion of 
the vessel is easily shown by filling a 
flask completely with a colored liquid, 
and closing it by a stopper through 
which a narrow tube passes, so that 
the liquid stands at a certain height in 
the tube. If now the flask be placed 
in warm water, the liquid will be seen 
at first to sink in the tube and then to 
rise, owing to the fact that the flask is 
heated first. Owing to the expansion 
of the vessel, the rise of the liquid in 
the tube is less than it would be if the 
vessel did not expand. The real co- f™- st. 

efficient of cubical expansion of the liquid, /3, is therefore the 
coefBcient of the vessel, /3t, plus the apparent coefficient ^„ of 
the liquid, or 




The real coefficient of expansion of the liquid may be deter- 
mined directly by heating to different temperatures the two 
arms of a U-tnhe (Fig. 87) partly filled with the liquid in 
question. The pressures due to the columns on both sides balance 
in the horizontal tube. Let Ag be the height of the meniscus 
above the horizontal tube at the lower temperature tf^, and let 
the density of the liquid on this side be d^ ; let h^, t, and d, be 
the corresponding values on the other side. Then 



K<^0ff = ^i^'t 



(231) 
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But for a given mass Moi the liquid 

M= Fo^o = V^i (232) 

or 





(233) 


Now from (228) V, = V^il + /3 (< - <o)] 


(234) 


Therefore, if t^ be chosen as 0° C, 




ho d, V, 


(235) 


and A, = Ao (1 + /S«) 


(236) 



from which yS can easily be found. In this way the coefficient 
of expansion of mercury has been found to be 0.0001818 per 
degree. 

The coefficient yS increases considerably with increasing tem- 
perature and becomes quite large near the boiling point- 
Equation (234) should therefore be Qonsidered only as an 
approximation and, in the case of liquids, it is better to write, 

F; = To (1 -h p^t + )8"t2) (237) 

Thus for alcohol /3' = 1020 x 10-« and ^'' = 200 x lO"®, 
for ether /3' = 1480 x lO"® and /3" = 350 x lO"®. 

160. Maximum Density of Water. Water under 4° C forms 
an important exception to the general rule that bodies expand 
upon being heated. When cooled, under atmospheric pressure,, 
from higher temperatures, it contracts, reaches the smallest 
volume at 4° C, and expands again upon further cooling. 
Figure 88 shows the variation of its specific volume (Art. 5), 
with temperature. If freezing be prevented by avoiding me- 
chanical disturbances (Art. 195), the expansion continues 
below 0° C, as is indicated by the dotted line. 

When a large body of water, as a lake, is cooled, the cooler, 
upper layer sinks to the bottom until a temperature of 4° C is 
reached. After this the cold water remains at the surface and 
it is there that the formation of ice begins, while the water at 
greater depths is still at 4°C. The temperature of maximum 
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density is considerably lowered by salts dissolved in the water. 
Thus sea water freezes before it reaches its maximum density. 
The temperature of the ocean at great depths is 2^.5 C. 



L015 
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161. Expansion of Gases. Law of Gay-Lussac. In 1802 
Gay-Lussac discovered that gas, when heated under con- 
stant pressure, expands equally for all equal differences of 
temperature, and that all gases possess the same coefl&cient of 
cubical expansion. This is known as the law of Gay-Lussac,* 
although it is frequently referred to as the law of Charles. 
The law is by no means exact. More recent investigations 
have shown that the coefficient of expansion is considerably 
larger in the case of gases which may be readily liquefied, such 
as chlorine and sulphur dioxide, than in the case of air, hydro- 
gen or oxygen (Table 7). For the latter gases the coeffi- 
cient of expansion has the nearly constant value 0.00367 per 
degree. This is considerably larger than the coefficient of 
expansion of solids or liquids under ordinary conditions. If 

1 Ann. Chim, et Phys.^ 1st ser., vol. 43. , 



200 



COLLEGE PHYSICS 



we denote the coefl&cient of expansion of a gas under constant 
pressure by «p, the general equation (235) may be written 

F;=ro(l + sO (238) 



and 



i,= 



d. 



Q. 



! + «„« 



(239) 



162. The Constant Pressure Gas Thermometer. Owing to its 
large coeflBcient of expansion, an enclosed mass of gas forms 

an extremely sensitive indicator of temperature 
changes, and so-called gas thermometers were used 
long before the appearance of mercury-in-glass 
thermometers. The air thermometer (Fig. 89) 
was probably invented by Galileo. In its simplest 
form it consists of a small bulb sealed to a long 
tube, which is mounted vertically with its lower 
end immersed in a suitable vessel filled with colored 
liquid. By expulsion of a few bubbles of air the 
liquid mounts into the tube. If the temperature 
of the bulb be varied slightly by placing the hand 
upon it, the colored index is promptly displaced 
through a considerable distance. 

If we agree that changes in temperature, corres- 
ponding to equal changes in volume of a given mass 
of gas, under constant pressure, shall be called equal 
changes in temperature, we shall get a new tem- 
perature scale, but we should hardly expect this 
new scale to agree exactly with the one defined in Art. 149. 
The constant pressure gas thermometer is at present but little 
used, except as an 
indicator of tem- 
perature changes. 
The particular form 
known as the "Dif- 
ferential thermo- 
meter" (Fig. 90) 
may be made extremely sensitive, showing large displacements 
of the liquid index in the horizontal tube for slight differences 
of temperature between the two bulbs containing the gas. 



Fig. 89. 




Fio. 90. 



CHAPTER XX 

INFLUENCE OF TEMPERATURE UPON THE PRESSURE 

OF A GAS 

163. The Pressure Coefficient. When a mass of gas enclosed 
in a rigid vessel is heated, the increased kinetic energy of the 
gas produces an increased pressure in the vessel. When the 
volume is kept constant, the increase in the pressure exerted by 
the gas is very nearly proportional to the increase in tempera- 
ture, as indicated by the mercury-in-glass thermometer, 

or P, = Po(l + «.0 (240) 

where a^ is called the pressure coefficient of the gas^ and the sub- 
script V denotes that the volume is to remain constant. For 
perfect gases, namely, those for which Boyle's law holds, the 
relation between the pressure coefficient and the coefficient of 
expansion is readily found. For such gases we have by equa- 
tion (238) 

Vt = Fo(l + V) 

Consider such a gas at 0^ C, having a volume V^ under a pres- 
sure Pq. Let the temperature be changed to f*, keeping the 
pressure constant. Then the product of pressure and volume 
at temperature t^ is 

P,V, = P,V,il + a,f) (241) 

Take the same volume of gas at 0° C, and raise the tempera- 
ture again to f°, but this time keeping the volume constant. 
Then the product of pressure and volume at the same tempera- 
ture, ^°, is 

PtV, = P,V, (1 + «.0 (242) 

In both cases the gas is finally at ^^ and according to Boyle's 
law P^V^ ^P.V^^PV (243) 
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A-r«^^^''' > 



This in connection with equations (241) and (242) shows 



that 



«p = "t; = « 



(244) 



Hence for perfect gases the two coefficients are equal and we 



may write : 



FV=P,V,a+at:) 



(245) 



which is known as the Boyle Gay-Lussac law. 

The following table shows that hydrogen, oxygen, nitrogen 
and air may under ordinary conditions be considered as very 
nearly perfect gases. Others, which may be readily liquefied, 
may be treated as perfect gases only at temperatures consider 
ably above their points of liquefaction. 

TABLE VII 

Coefficients of Expansion and Pressure for Gases referred 

TO Volume and Pressure at 0° C 



SUBBTANOE 


P= T6 cm Hg 


/*o = T6cmHg 


Hvdroeen 


0.003660 per desn-ee 


0.003663 per degree 
3665 " 
3668 " " 
3665 « 
3690 " " 
3670 « " 


Oxygen 

Nitrogen 

Air 

Carbon dioxide : 

Sulphur dioxide 


3674 " 
3671 " " 
3671 " 
3710 " 
3903 " 



164. The Constant Volume Gas Thermometer* If the volume 
of a given mass of gas be kept constant, equal to F^, equation 
(245) becomes 

P, = Po (1 + «0 (246) 

which, as previously shown, equation (240), is very nearly true 
for temperatures ^ measured by the mercury-in-glass ther- 
mometer. This equation may be used as the basis of a new 
temperature scale. In order to do so we must make two fun- 
damental assumptions. 

(a) Difference% in temperature are to he taken as strictly pro- 
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A. 



portional to those differences in pressure which they produce in a 
mass of gas^ maintained at constant volume. 

(6) The pressure Pq is the pressure^ exerted hy this same mass 
of gas at the temperature^ to he chosen as the zero of the new scale. 
This will make the differences in temperature inversely pro- 
portional to the original pressure P^, equation (249). If now 
we make our temperature readings to depend upon these 
assumptions, we see at once that equation (246) is made rigor- 
ously true. We should naturally expect any indicated tem- 
perature as read from this scale to be somewhat different from 
that given by the mercury-in-glass thermometer, which we 
denote by t. Then for a given temperature range ^, read off 
on the mercury-in-glass thermometer, we have, substituting 
for ^, 

P = Po(l+«^) (247) 

P - Po = o^P,0 (248) 

and, finally, 5 = 1. ^"A (249) 

If, now, we call as before the freezing point and boiling point 
of water 0® and 100% and denote the pressure at the latter tem- 
perature by Piooi we have 

-Pioo - -Po = «A 100 (250) 

and (? = 100 ^""^Q (251) 

To find the temperature 5, therefore, it is only necessary to 
measure the pressures at the fundamental points and at the 
temperature to be determined. 

In its simplest form (Fig. 91) this type of gas thermometer 
consists of a bulb, A^ containing the gas, connected by a capil- 
lary tube to a Z7-tube filled with mercury. In order to insure 
constancy of volume of the enclosed gas, the mercury is ad- 
justed for each reading, so that it just touches a pointer or 
mark, jt?, placed near the opening of the capillary tube, or on 
the tube itself. The pressures are calculated from the differ- 
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ence in height of the mercury in the two arms of the CT-tube in 
each case. To the temperature d, as computed from equation 
(251), there must be applied certain corrections, due to the 
expansion of the bulb, changes in barometric pressure, etc.^ 

165. The Standard Hydrogen Thermometer. Owing to cer- 
tain serious limitations (Art. 150), the mercury-in-glass ther- 
mometer is not well adapted 
to serve as a final standard 
for measurements of tem- 
perature. In its stead, the 
constant volume gas ther- 
mometer has, by inter- 
national agreement, been 
adopted as the standard in- 
strument for temperature 
measurements. Further, 
since hydrogen fulfills .most 
nearly the requirements for 
a perfect gas, it has been 
adopted as the thermomet- 
ric substance, with the 
provision that the gas at 
freezing point shall be 
under a pressure of 100 
cm of mercury. 

Temperatures measured 
by this thermometer are the final standards in all scientific 
work, and temperatures measured by any other means are 
usually ** reduced to the hydrogen scale *' when any high degree 
of precision is required. It should be said, however, that in 
the case of mercury-in-glass thermometers from the best 
makers, the readings do not differ greatly from those of the 
hydrogen scale, while the greater convenience of the mercury 
instruments more than compensates for its limitations, except 
in oases where extreme accuracy is required. 



V-/ 




Fig. 91. 



V ^sx 



* 5>f MinHuah SrertiM 40. 
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Throughout the remainder of this text, distinctions between 
temperatures based upon the mercury or the hydrogen scale 
will be disregarded. It is also to be understood that, in gen- 
eral, temperatures will be expressed in Centigrade degrees, 
unless it be expressly stated to the contrary. 

166. The Zero of the Gas Scale. Absolute Temperatures. The 

selection of the freezing point of water as the zero point was 
an entirely arbitrary one. It is now possible to find a more 
rational zero point. From the principles developed in the dis- 
cussion of the constant volume thermometer (Art. 164) it is 
clear that a decrease in temperature is indicated by a corre- 
sponding decrease in gas pressure. The rational zero for 
such a temperature scale would therefore be that temperature 
for which the pressure of the gas in the hydrogen thermometer 
becomes zero, assuming that hydrogen could remain a gas at 
that temperature. This zero point may readily be found from 
the equation 

P,= = Po(l + «^) (252) 

Whence f = - 1 = - ^ J;^^^ = - 273*^ nearly. 

a 0.00366 ^ 

Thus we see that this zero is about 273° below the zero of the 
Centigrade scale. This point is called the zero point of the 
hydrogen scale, or the absolute zero. Temperatures measured 
on this scale are called absolute temperatures. Such readings 
are usually denoted by T, and are related to readings t, on the 
Centigrade scale through the equation 

r= t + 273° (253) 

The terms " absolute zero " and " absolute temperatures " are 
not well chosen, inasmuch as this zero and all temperatures 
measured from it depend upon the use of some arbitrary ther- 
mometric substance. 

In advanced physics the student will become acquainted with 
a temperature scale, called the thermodynamic scale, in which 
the temperatures are indenf^rir1PT>t of any particular thermo- 
metric substance. "^ expressed in this scale, are 
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" absolute " temperatures. They agree very closely with the 
absolute temperatures derived from the gas scale, and it seems 
unnecessary to distinguish between the two in this text. For 
a discussion of the thermodynamic scale the student is referred 
to more advanced textbooks. 

In accordance with the molecular theory of heat, the pres- 
sure of an inclosed mass of gas is due to the bombardment of 
the sides of the vessel by the flying molecules. From this it 
follows that the pressure decreases as the molecular motion 
decreases, and consequently (Art. 147), at the absolute zero 
all molecular motion would cease. Hydrogen is not a perfect 
gas. It is due to this fact that the two sets of "absolute-'' 
temperatures referred to above do not exactly coincide. 

167. The Gas Law. For a perfect gas at temperature t? we 
have found 

P V^ Po V^ (1 + «0 (254) 

Introducing the absolute temperature, we have 

lH-af=ari-hA = a (273 -h = a?' (255) 

P V= aP^ V^T^RT (256) 

where ^ is a constant for a given mass of gas and may be 
called the ga% constant. . 

For any other absolute temperature T', 

P'V'=^IiT' (267) 

By division of the last two equations we obtain the important 
relation 

P V T 



pi yi fpi 



(258) 



This is the mathematical statement of what is called the gas 
law. In words, it says that ^^ For a perfect gas the product 
of pressure and volume is proportional to the absolute temperature.^'* 
From equation (268) follow directly the two corollaries : 
"The pressure of a gas of constant volume varies directly as 
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the absolute temperature" and "The volume of a gas under 
constant pressure varies directly as the absolute temperature." 
Since ordinary gases at temperatures and pressures remote 
from their points of liquefaction behave nearly as perfect gases, 
these laws may be applied to such gases without introducing 

any serious error. 

Problems 

1. Reduce the following readings on a Fahrenheit thermometer to the 
corresponding readings on a Centigrade thermometer : + 2000°, + 104®, 

2. Reduce the following readings on a Centigrade thermometer to the 
corresponding readings on the Fahrenheit thermometer : + 2000°, -f 445°, 
- 10°, - 273°. 

3. At what temperature do Fahrenheit and Centigrade thermometers 
read the same ? 

4. What are the coefficients of linear expansion of iron and copper 
when expressed in English units? 

5. A certain railroad track is laid when the temperature is 32° F. If 
the rails are 30 ft long, how much space in inches must be left between 
them in order that they may just touch when the temperature is 122° F ? 

6. The steel cable from which the Brooklyn bridge hangs is more than 
a mile long. How many feet does a mile of its length vary between a 
winter day when the temperature is — 20° C and a summer day when it is 
30° C? 

7. In a gridiron pendulum the distance from the center suspension 
to the center oscillation is 99.3 cm. Supposing the whole pendulum except 
the vertical brass rods to be made of iron, how long must the brass rods be, 
for perfect compensation, all brass rods being the same length ? 

8. A clock with a seconds pendulum of iron is correct at 25° C. How 
many seconds per day will it gain if the temperature is 0°? What will 
be the result if the pendulum be made of nickel-steel ? 

9. How large a relative error is made if the moment of inertia of a 
brass cylinder, calculated from measurements at 10°, should be used in 
experiments carried on at 50°? 

10. A certain glass measuring flask made of Jena glass has a capacity 
of one liter at 15°. What is its capacity at 40°? 

11. The density of mercury at 0° is 13.596 g/cm*. What is its specific 
volume at 35°? 

12. Reduce to 0° a barometer reading of 74.5 cm taken at 19°, correct- 
ing both for the expansion of the mercury and for that of the brass scale. 
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13. A piece of brass weighs 17 g ia air aud 15 g in water at 10^ How 
much will it weigh in water at 30° ? 

14. A liter flask of Jena thermometer glass is calibrated at 0°, The 
cylindrical neck has a diameter of 1.5 cm. How far above the liter mark 
will the meniscus be, if the flask be filled with one kilogram of water at 30° ? 
Spec. vol. of water at 0° C = 1.00012, at 30° C = 1.00435 cm« per gram. 

15. A quantity of air, at atmospheric pressure and 0°^ occupies 1000 cm*. 
It is heated to 100°, under constant pressure. Find the increase in 
volume and the work done during the expansion. 

16. What fractional part of the air in a room passes out when the air is 
heated from - 10° to 20° ? 

17. The density of air under standard conditions is 0.00129 g/cm'. 
What will be the mass of air in a room whose dimensions are 8 x 5 x 3 m, 
the temperature being 20° and the barometric reading 730 mm? 

18. If the atmospheric pressure on a mountain top (Mont Blanc) 
be 380 mm of mercury, and the temperature — 10° C, what fraction of 
the normal quantity of air is contained in any given volume ? 

19. Suppose 20 cc of hydrogen gas to have been collected in a closed 
tube over mercury. The barometer reading corrected for temperature is 
74.5 cm and the temperature of the gas is 24°. The mercury in the 
tube stands 12 cm above the mercury in the dish in which the tube is 
inverted. Reduce the volume of the gas to standard conditions. 

20. A certain boiler boils dry, containing steam at 80 pounds per square 
inch, at 155° C, which in the absence of water may be considered as a 
perfect gas. If the temperature should rise to 600° C, would the boiler 
burst, if it can just support a pressure of 300 pounds per square inch ? 



QUANTITY OF HEAT 
CHAPTER XXI 

CALORIMETR7 

168. The Unit of Heat. The Calorie. In calorimetry we 
are concerned with the measurement of definite quantities of 
heat. The idea of quantity of heat involves first the mass of 
the body to be heated. We know that the temperature of boil- 
ing water is the same, whether the vessel contain one liter or 
ten liters, and yet it will take a flame ten times as long to heat 
ten liters of water from zero to the boiling point, as to do the 
same for one liter, or (Art. 146), the heat required is ten times 
as great in the first case as in the second. Hence the quantity 
of heat needed to raise the temperature of a body through a 
given temperature interval is proportional to the mass of the 
body. 

Again, we assume that the heat absorbed by a body when 
heated to a certain temperature is all given out when the body 
cools to its original temperature. Consequently when two 
kilos of water at 20° are mixed with two kilos of water at 0°, 
we expect the mixture to assume a final temperature of 10% 
and experiment shows this to be true (Art. 173). If, on the 
other hand, we should substitute two kilos of iron or two kilos 
of mercury for the two kilos of water at 20° in the experiment, 
we should find that equal masses of different substances give 
out very different quantities of heat when cooled through the 
same temperature range. Thus a mass of mercury absorbs or 
gives out only one thirtieth as much heat as an equal mass of 
water would do when carried through the same temperature 
interval. 

p 209 
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It is clear then, that the idea of the quantity of heat needed 
to heat a body involves three distinct things : (a) the mass of 
the body, (6) the material of which the body is composed, and 
(<?) the temperature range through which it is to be heated. 
It is therefore necessary to specify all these things in defining 
the unit of heat. The accepted unit of heat is defined as that 
quantity of heat which will raise the temperature of one gram of 
water from 15 to 16 degrees Centigrade. This unit is called a 
calorie. 

In the English system, the British thermal unit (b. t. u.) is 
defined as the quantity of heat needed to raise the temperature 
of one pound of water one degree Fahrenheit. 

169. Thermal Capacity of a Body. It may be proven experi- 
mentally (Art. 173) that, unless changes of state occur, the 
quantity of heat added to a body is nearly proportional to the 
change of temperature pl'oduced. Thus if a given body be 
heated from t-^ to t^^ then the heat needed for this purpose is 

n^O(t^-t^. (259) 

The proportionality factor, 

C = -^— (260) 

h — h 

is called the thermal capacity of the body and its unit is one 
calorie per degree. 

170. Thermal Capacity of a Substance. It has likewise been 
found that the heat needed to produce a definite temperature 
change (t^ — t^), in different masses of the same substance is 
proportional to the mass, or 

J5r= cM («2 - «i) (261) 

The proportionality factor 

. = ^, (262) 

which is evidently characteristic of the substance, is called 
the thermal capacity of the substance^ and is numerically equal 
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to the heat necessary to change the temperature of one gram 
of the svistance one degree. Its unit is one calorie per gram- 
degree. 

171. Thermal Capacity of Water. The above formulae are 
not quite exact, since in general the thermal capacity of a sub- 
stance increases with the temperature. Since water has been 
chosen as the standard substance, we have numerically 






(263) 



«2-«i = 



Consequently the change of the thermal capacity of water is 
of especial interest. In Fig. 92 we have the thermal capacity 
of water plotted as a function of the temperature. 




^mperature 



FlO. 92. 



Though these variations are small, yet it is evident that a 
definite temperature must be specified in the definition of the 
calorie. The interval from 15° to 16° has been chosen since 
the calorie based upon this interval is the one 'one-hundredth 
part of the heat needed to raise the temperature of one gram 
of water from 0° to 100°. In this text it will be assumed that 
the thermal capacity of water c^ may always be taken as 
unity. 
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172. Specific Heat of a Substance. The specific heat 8 of a 
substance is the ratio of the thermal capacity of the mbstance to 
that of water ^ or 

% = - (264) 

Since Cy, is unity, the specific heat of a substance is numeri- 
cally equal to its thermal capacity. In a loose sense the 
thermal capacity is often called specific heat, but the student 
should observe that the same relation holds between these two 
quantities as between density and specific gravity. The 
former is a definite physical quantity ; the latter is simply a 
ratio or a pure number. 

173. The Method of Mixtures. All heat measurements are 
based upon the following fundamental principle : When two or 
more bodies^ originally at different temperatures^ are placed in 
thermal contact^ and exchange of heat takes place exclusively be- 
tween these bodies^ the heat lost by one part of the system is equal 
to the heat gained by the other. This is called the principle of 
equal heat exchanges. 

Thus if a certain mass iff of a substance, whose thermal 
capacity is c^^ be heated to a temperature t^ and then dropped 
into a mass of water iK^, at temperature t^^ where t^ < ^j, an 
exchange of heat takes place and an intermediate temperature, 
^, is established. The body loses an amount of heat equal to 
c^M^(t^ — ^), and the water gains an amount equal to c^M^ 
(t — ^2). Consequently we have 

^1^1(^1 - = <:u,M^(t - ^2) (265) 

and the specific heat of the substance is 

» = £1 = ^^^^ " ^2) (266) 

The water is contained in a vessel, supplied with a stirrer and a 
thermometer. These form the calorimeter. Their tempera- 
ture is changed as well as that of the water. The heat given 
to them is equal to the sum of such terms as cM(t — ^j), calcu- 
lated for all parts of the calorimeter. The sum of the products 
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of the specific heats into the mass, 2— iff is called the water C<k>- 



'w 



equivalent of the calorimeter, and must be added to the mass of 
water, M^ in the experiment just described. Taking into 
account the heat effect of the calorimeter, we obtain then the 
general equation : 



(M^^l.^M](t^t^) 

« ^ __ \ Cw J 



« = -L = 



'IT 



M^it^ - 



(267) 



TABLE VIII 
Specific Heats op Solids and Liquids 



BUBSTANOB 



Copper . 
Graphite 
Iron . , 
Lead . . 
Mercury . 
Platinum 
Tin . . 
Zinc . . 

Glass . . 

Ice . . 

Alcohol . 

Ether . 



0.094 
0.199 
0.116 
0.031 
0.033 
0.032 
0.055 
0.094 



0.200 
0.505 
0.602 
0.547 



Atomic W. 



63.6 

12.0 

55.9 

206.9 

200.0 

194.8 

119.0 

65.4 



8 X At. W. 



5.98 
2.39 
6.48 
6.42 
6.60 
6.23 
6.55 
6.15 



174. Law of Dulong and Petit. The above table shows that 
the specific heats of diiSferent substances vary considerably. In 
1819 Dulong and Petit announced the following law : ^ " The 
product of the specific heat of a substance into its atomic 
weight is the same for all elementary solid substances." The 
product thus obtained is about 6. 

This law is by no means exact. Carbon, boron and silicon are 
exceptions. Since the specific heats vary with the temperature, 
these products will vary according to the temperature chosen. 

^ Ann, Chim. et Phys., 1819 
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Nevertheless this law suggests the possibility that the thermal 
capacities of atoms of different substances may be nearly the 
same. 

For a more complete discussion of this law and others relat- 
ing to the molecular heats of chemical compounds the student 
is referred to text books on physical chemistry. 

175. Specific Heats of Gases. Very different values may be 
obtained for the specific heat of a gas, according to the conditions 
under which the gas is heated. If a gas be allowed to eocpand 
while it is being heated, it will do work against external pres- 
sure by virtue of that expansion. The energy needed to do 
this work must be supplied from the gas itself in the form of 
heat. Consequently the gas heated under this condition ab- 
sorbs heat for two reasons : (a) to produce change of tempera- 
ture, (6) tofumuh energy to do the work of expansion. 

On the other hand if the gas be heated and its volume be kept 
constant, no heat is absorbed except that needed to produce 
the rise in temperature. The two specific heats obtained under 
these two conditions are designated «p, the specific heat under 
constant pressure^ and «^, the specific heat under constant volume. 
Of these two values, Sp is obviously the greater, by the amount 
of heat needed to produce the expansion. The ratio between 
these two values, for atmospheric pressure, usually denoted by 
7, is of considerable importance in the computation of the ve- 
locity of sound in a gas (Art. 113). 





TABLE IX 
Specific Heats op Gases 




Substance 


'p 


«• 


y 


Air 

Hydrogen 

Oxygen 

Water vaDor 


0.237 
3.410 
0.217 
0.421 
0.203 
0.453 


0.167 
2.418 
0.147 


1.41 
1.41 
1.41 
1.30 


Carbon dioxide 


1.30 


Alcohol 


• • • • 


1.13 



CHAPTER XXII 



THE MECHANICAL THEORY OF HEAT 

176. The Experiments of Joule and Rowland. We have seen 
(Art. 146) that heat must be considered as a form of energy 
and that heat is produced whenever mechanical energy is 
absorbed in overcoming 
friction. The first accu- 
rate experiments showing 
a definite quantitative re- 
lation between heat and 
mechanical work were 
made by Joule ^ (1818- 
1889). In his apparatus 
(1845) descending weights, 
M^ were made to rotate a 
paddle wheel, P, immersed 
in a stationary calorimeter, 
a (Fig. 93). The resis- 
tance offered to the motion 
of the paddle was greatly 
increased by means of sta- 
tionary vanes extending 
into the interior of the calorimeter. The work done by the 
total mass 2 ilf, descending through a height A, is 2 Mgh, The 
heat produced, measured in heat units, is 

J5r= («2 - t^'Lcm (268) 

where c and m denote the thermal capacities and the masses of 
the different parts of the calorimeter and t^ — t^ the correspond- 
ing rise of temperature. Joule showed that for every unit of 

1 Phil, Trans. Boy, Soc, 1860. 
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Fig. 93. 
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mechanical energy which disappears, the same quantity of heat 
is always produced. 

In later experiments^ (1878) he used a calorimeter which 
was free to turn about a vertical axis. If the paddle be turned, 
the friction in the water tends to rotate the calorimeter. The 
vessel, however, is kept stationary by means of two thin silk 
strings wound in a groove around the cylindrical vessel and 
leaving it in a tangential direction at two opposite ends of a 
diameter. These strings then pass over two light pulleys and 
carry at their lower ends weights M^ which are adjusted until 
the calorimeter remains stationary, when the paddles revolve at 
a constant rate. If r be" the radius of the groove, the moment 
of the mechanical forces counteracting the effect of the paddle 
wheel is 2 Mgr, The total work done in t seconds when the 
paddles are rotated n times per second against the torque due 
to the weights, is 

W= torque x angle = 2 Mgr x 2 ttw^ = 4 irntrMg. (269) 

In 1879 Rowland (1848-1901) made a series of classical ex- 
periments ^ with an improved form of Joule's later apparatus, 
obtained much more accurate results and also discovered the' 
variation of the thermal capacity of water with change of tem- 
perature (Art. 171). 

177. The Mechanical Equivalent of Heat. Joule's and Row- 
land's experiments, as well as many others of more recent date, 
have shown that in any transformation of heat into work or of 
work into heat^ the ratio between the numerical value% of these two 
forms of energy is always a constant. If the number of heat 
units be denoted by J7, and the number of units of work by TPJ 

then 

TF mechanical units = Jiffheat units. (270) 

If we combine equations (268), (269) and (270), we have 

Tr= 4 irntrMg = J(t^ - ^j) 2cm (271) 

or e7= ^ ^^^^^^ ^-TSl (272) 

1 Phil. Trans. Boy. Soc, 1878. ^ p^^c. Am. Ac. Arts and Sci.^ 1879. 



THE MECHANICAL THEORY OF HEAT 217 

The value of «/ depends upon the units chosen. 

Thus 778 foot pounds of work are equivalent to one b. t. u., 

or 0.427 kilogram-meter to one calorie. 

From a critical study of these experiments Barnes concluded 

that 

One calorie = 4.186 x 10"^ ergs = 4.186 joules 

The mechanical work corresponding to one heat unit is called 
the mechanical equivalent of heat. 

We have thus obtained a new measure of heat in terms of 
mechanical units, and a new measure of mechanical work in 
terms of heat units. Thus 

jy calories = JB" joules = 4.186 JST joules 
and 

TT joules = TF/ J" calories = 0.239 TT calories 

178. The First Law of Thermodynamics. The experimental 
results given in the preceding paragraphs may be summarized 
thus : When work is transformed into heat, or heat into work^ the 
amount of work is always equivalent to the quantity of heat. This 
is known as the first law of thermodynamics.^ 

Heat added to a body is considered as positive, heat given out 
by a body as negative ; work done upon a body is positive ; 
work done by the body, negative. Taking into account the 
signs, the mathematical expression for this law is : 

Tr-hJ5r=0 (273) 

when TTand JSTare measured in the same units, or 

Tr4-e7J7 = (274) 

when W\& expressed in mechanical, and Hm heat units. 

179. Equiyalence of Energy and the Principle of Conservation. 

Having established the equivalence of mechanical work and heat, 
it is of the highest importance that we should grasp the full 
significance of this equivalence of energy which shows itself in 
every branch of Physics. Physical phenomena of every form 

^ This law was first clearly stated by Mayer in Liebig*s Annalen, 1842. 
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depend upon the transference or the transformation of energy. 
We are now prepared to say that energy in any of its manifold 
forms may be reduced to an equivalent amount of heat and 
hence to an equivalent amount of energy of any other form. 
Thus an electric current of strength I^ flowing for t seconds 
through a resistance jB, produces a quantity of heat JjT, which is 
always proportional to I^Rt, This quantity, measured in elec- 
trical units, is called electrical energy. In short if, in any 
physical phenomenon, energy of any form disappear, energy of 
some other form will always appear, and the energy of the new 
form is always equivalent to the energy of the old. No energy 
is lost. 

This most important principle, first announced by Robert 
Mayer in 1845, is known as the principle of conservation of 
energy. It is this principle, verified by countless experiments, 
which underlies all physical phenomena, and which constitutes 
one of the grandest generalizations of modern science. Keeping 
in mind that energy added to a body is positive, and energy 
taken away is negative, the principle may be stated in these 
words : If in a system of bodies no reaction be allowed between 
the system and outside bodies, then the total amount of energy 
of the system is not changed by any reaction or transformation 
between the parts of the system. 

The actual amount of energy in a body is not known, but for 
any change from a state -4. to a state B^ the energy involved 
can be accurately determined and is the same regardless of the 
manner in which the change has been accomplished. For, let 
us assume that a system of two bodies be changed from one 
state to another during which change the first body gives to the 
second a certain amount of energy, and, that the system can be 
brought back to its original state by a method in which the 
second body returns to the first a smaller amount of energy 
than it received from it. The result of the complete cycle of 
changes would be an increase of energy possessed by the second 
body without an equivalent compensation on the part of the 
first, and this contradicts the first law of thermodynamics. 

By a bold generalization, which admits of no proof by actual 
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experiment, the principle is sometimes stated by saying that 
the energy of the universe is constant, or, that energy can 
neither be created nor destroyed. 

180. Compression and Rarefaction of a Gas. Let a cylinder, 
closed by a piston, contain a given amount of gas. If the piston 
be suddenly pushed in through a small distance «, with a force 
F^ the work done upon the gas is (Art. 35) 



Tr= Fs = Pv 



(276) 



^31 



where P is the pressure and v is the change of volume. This 
mechanical energy expended upon the gas increases its energy 
and consequently the gas is heated. 

On the other hand, if the gas be allowed to do work against 
a pressure P, increasing its volume by v, a quantity of heat 
equivalent to the work Pv is abstracted from the gas and it 
cools. 

181. Free Expansion of a Gas. Joule connected two re- 
ceivers, A and B (Fig. 94), by a tube, containing a stopcock, «. 
One of the vessels was exhausted 
while the other contained a gas 
under pressure. Both receivers 
were then immersed in a water cal- 
orimeter. Upon opening the stop- 
cock the gas rushed into the vacuum 
and now filled both cylinders, but 
the calorimeter showed no change 
of temperature. From this Joule 
concluded that the energy of a given 
mass of gas is independent of the 
volume occupied.^ 

Placing each receiver in a sepa- 
rate calorimeter and repeating the experiment, the water in the 
vessel originally containing the compressed gas was cooled, and 
that in the other one was heated. Obviously the loss of energy 
on the one side equals the gain on the other. 







J 



Fio. 94. 



^ This experiment was originally due to Gay-Lussac {Mem, dTArcueil, 1807). 
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The results obtained by Joule in this experiment hold rigor- 
ously only for perfect gases. Ordinary gases do show a small 
change of energy upon expansion, but this change must be 
measured by more sensitive methods (Art. 186). 

182. Isothermal and Adiabatic Expansion. If a gas expand 
very slowly while kept in close thermal contact with a heat 
reservoir of temperature t^^ heat will constantly flow from the 
reservoir to the gas and keep it at the temperature t^ during 
the expansion. Such a process is called an isothermal ea^ansion 
and is represented by line I (Fig. 95) in which the volumes of 
the gas are plotted as abscissae, and the corresponding pressures 
as ordinates. The equation of this line (Art. 167) is 

The work done by the gas during a very small increase in 
volume v, equal to aft, is Pv, and is represented at the point Q 
of the curve in the figure, by the shaded area Qeba. Imagine 
a large number of such narrow strips drawn, side by side, and 
extending from the axis of volumes to the isothermal line. It 
is then clear that the work done by the gas during the isother- 
mal expansion from PqVq at point A to P^V\ at point J?*is 
equal to the sum of all the strips, and is therefore represented 
by the area ABNL included between the isothermal line, the 
axis of volumes, and the two ordinates representing P^ and P^. 

If the gas, on the other hand, be enclosed in a vessel whose 
walls prevent any flow of heat through them, the gas can re- 
ceive no heat from the reservoir and will, therefore, cool during 
expansion. The presstire P^ or JVi>, corresponding to volume 
Fj will be smaller than Pj or JVB, and the line representing 
this change in the gas will he steeper than the isothermal line. 
9[^j^4^ ? Such an expansion is called q^ adiabatic expansion^ and is shown 
by the adiabatic line II (Fig 95). 

By the use of calculus it may be shown that the equation of 
an adiabatic line for a perfect gas is 

PF^ = constant (276) 
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where 7 is the ratio of the two specific heats of the gas (Art. 
175). 

183. Evaluation of G^- C^. If a quantity of gas of mass M 
be heated under constant volume through a temperature inter- 
val of ^°, the heat 
needed is McJ) cal- 
ories. If it be 
heated under coiv 
stant pressure, the 
heat needed is Mc^t 
calories. Accord- 
ing to Art. 181 the 
energy of a gas is 
independent of its 
volume and conse- 
quently the quan. 
tity of heat needed 
for the mere heating of the gas must be the same in both cases^ 
But, when heated under constant pressure, the gas does work 
equal to Pv, and this energy must also be supplied by the heat 
added to the gas, hence 

Mcjjb - Mc^t = (^p-O Mi=:Fv. (277) 

According to Art. 163, equation 245, we have before heating 



I 



Volume 




after heating 






l-i 



<£> 



(278) 



The increase in volume v, is therefore 

P V P V 



and by (277) and (256) 



erg» 



'' " M ^ M gram-degree 



(279) 



(280) 



I- <* j"fc, « vj^-'^- #*r». V.>\ y»-«a V 



i* > 



4 << 
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P V and R are usually given in mechanical units, hence, if 
we wish to express e^ — c^ in thermal units, the right hand 
member of the equation must be divided by J", 



or 



PqVq __ Pa _ R calories 
^ * "" JM " JcIq "" JM gram-degree 



(281) 



where d^ is the density at 0° C. 

Since the specific heats «„ and s^ are numerically equal to 



Cp and e^, 



P V 

s — % = Q Q a numerically 
JM 



(282) 



184. Coefficients of Volume Elasticity. From Fig. 95 it 

appears that during an adiabatie 
compression the change in pres- 
sure must be larger to produce 
a given change of volume than 
in the case of an isothermal com- 
pression. From the definition 
of the coefficient of volume elas- 
ticity (Art. 58) 

dV 

it is seen that a distinction must 
be made between the adiabatie 
and isothermal coefficients, e^ 
and Ci. Let the changes in pres- 




FiG. 96. 

sure corresponding to a small change of volume 



be 

A 

and 



Fo-F' = rfF 



P'^P,= dp, 

respectively (Fig. 96), then, as e^ and Ci vary as dp^ and dp^ 
respectively, rfF being constant, 



dpi Ci 



(283) 
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Let the corresponding changes of temperature ^" — t^ and 
t' — t^ be dta and dti. But dp^ and dp^ may also be considered 
as the increase in pressure of the gas when heated under con- 
stant vol um^jxj^ through dt^ and dti degrees. tr 

Since by Art. 167 (eq. 254), 

the increases in pressure, dp^ and dpi^ are proportional to the 
increases in temperature, dt^ and dt^^ or by (283) 

^ = ^ (284) 

^ dti ^ ^ 

Now consider the gas to be brought from P^ V to P" V by 
two different methods : (1) by heating under constant volume, 
for which the heat needed is Me^dt^; (2) by heating under 
constant pressure, until its volume has become F^, in which case 
the heat needed is Mc^dti. Then compress the gas adiabatically 
until it reaches the state V'P". No heat from the outside is 
needed for this. During the two parts of the last process, 
work is done by the gas during the expansion, and done upon 
it during compression; but if the increment of pressure be 
very 9mall in comparison with the total pressure, the total 
external work may be considered as practically zero, in com- 
parison with the heat involved. 

The total change^ in energy of the gas along the two paths 

may, therefore, be set equal to each other and equal to the 

heat absorbed, or 

Mc^dt^ = Mcpdti (285) 

If we call the ratio of the two specific heats 7, 

«a_.^_£e_?g_^ (286) 

Ci dti c^ 8„ 

185. Velocity of Sound in a Gas. As has been shown (Art. 
Ill), the velocity F, of sound in a gas is given by 
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But, since the compressions and rarefactions in the air occur 
under adiabatic conditions, the corresponding coefficient of vol- 
ume elasticity must be used, or 

e = ea=yei (287) 

and the expression for the velocity of sound becomes, since e^ is 
equal to the pressure P (Art. 113), 



=v^ 



d 

The values for 7 for several different gases under a pressure 
of one atmosphere are given in Table IX, on page 214. 

186. The Joule-Thomson Effect. In the experiments described 
(Art. 181), Joule found no change of energy in a gas due to 
change of volume alone. If this were true, no forces would 
exist between the separate molecules of the gas, and the energy 
of the gas would simply be the sum of the kinetic energies of 
its molecules. 

Joule and Thomson (Lord Kelvin) found, however, by their 
famous "porous plug" experiment^ that there is a slight change 
in energy when a gas expands. They passed gas slowly from 
a vessel at high pressure into the open air through a plug 
made of cotton wool. The temperature of the gas was meas- 
ured just before entering and after leaving the plug, and it 
was found that in most gases the temperature after expansion 
was lower than before. In the case of hydrogen a heating was 
observed. It has since been shown, however, that even hydro- 
gen gas will cool if the original temperature of the gas under 
high pressure be below — 80® C. The compressor, producing 
'^the high pressure, does work upon the gas, equal to the prod- 
uct of the pressure of its piston into the change of volume. 
On the other hand, the gas at the lower pressure side does 
work, equal to the product of its volume into this lower pres- 
sure. For a perfect gas these two amounts of work should be 
equal. 

I Phil. Mag.y 1862. 
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Of course we must consider the fact that Boyle's law does 
fiot hold strictly for ordinary gases, and that consequently the 
work Pv, done upon the gas at the high pressure does not 
quite equal the work done by the gas on the low pressure side. 
However, after taking this into account, the porous plug effect, 
which in all cases is quite small, indicates that there is some 
intermolecular action in all ordinary gases, and that, in general, 
energy is required to produce a mere expansion. 



CHAPTER XXIII 

TRANSFORMATION OF HEAT INTO MECHANICAL ENERGY 

187. Modes of Transformation. The transformation of me- 
chanical energy or of any other form of energy into heat is of 
common occurrence and no difficulty is encountered in making 
such transformation complete. On the other hand, no method 
has ever been devised for reversing completely any process 
which has produced heat, although — according to the first 
law of thermodynamics — this would seem to be theoretically 
possible. 

In fact, it has been found that a continuous transformation 
of heat into mechanical energy is possible, only under the con- 
dition that at the same time heat shall be transferred by the 
working substance passing through the engine which performs 
the work, from a higher to a lower temperature, or, in other 
words, that the engine shall take in a certain amount of heat 
at a high temperature and give out a smaller amount of heat 
at a lower temperature. 

188. Carnot's Cycle. A process, first described by Carnot, 
will illustrate the statement of the last article. It is a cycle, 
consisting of four parts. 

1. A gas, kept in constant contact with a reservoir at tem- 
perature ^1°, is expanded isothermally from PiV^ to P^^^^ as 
represented (Fig. 97) by the curve AB, It absorbs an amount 
of heat Hy External work, equal to the area ABha is done by 
the gas. 

2. The gas expands adiabatically, until its temperature has 
fallen to t^* No heat is added during this step. The external 
work done by the gas is represented by area BCch. 

3. The gas is compressed isothermally, while in constant 
contact with a cool reservoir at temperature t^. An amount 

226 



TRANSFORMATION OF HEAT INTO MECHANICAL ENERGY 227 



of heat H^ is given out, and the work done upon the gas is 
equal to the area CDdc. 

4. The gas is compressed adiabatically until it again reaches 
its original condition, being heated to t^ No heat is given out 
and the external work 
done upon the gas is rep- 
resented by the area DAad. 

During the whole cycle 
external work, equal to 
the area ABCD = ABba + 
BCch - CBdc - BAad, is 
done by the gas. This 
work has been obtained by 
a transformation of a part 
of the heat H^ entering the 
engine. Therefore 



H^^H^^W (288) 




^iume I 



a 



Fig. 97. 



The efficiency of the 
cycle is the ratio of the 
useful work to the total energy JJ^ put into the machine. For 
this " theoretical " engine the efficiency may be shown to be 






(289) 



where T^ is the absolute temperature of the hotter reservoir. 

189. Irreversible Processes. While the work done by the 
engine might afterwards be used to restore some heat to the 
hotter reservoir, as, for example, by working the above cycle 
backwards, still there are some common processes in nature in 
which heat passes from higher to lower temperature without 
doing work. Such a process cannot be reversed. The most 
important example of this kind is the conduction of heat, as 
through the walls of the cylinder of a steam engine. After 
the heat has once reached the lowest temperature of all the 
surrounding bodies, it is impossible to obtain any further use- 
ful work from it. 
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Since conduction of heat cannot be avoided in steam engines, 
and since the heat thus transferred is lost, so far as useful 
work is concerned, it ia evident that the efficiency of our actual 
steam engines must be smaller than that of the Caruot cycle, 
where no such loss was assumed to occui'. 

190. The Reciprocating Steam Engine. The first successful 
attempt to utilize the energy of steam was due to James Watt 
(1736-1819), whose apparatus took the form of the recipro- 
cating engine. Figure 98 illustrates the action of such an 




engine. Its essential parts are (a) the cylinder CjCj, in which 
a piston P moves back and forth ; (6) a steam chest S, from 
which the steam, at high temperature, enters the cylinder, 
through openings A and B, called the' ports ; (e) the exhaust 
e, through which the steam, at a lower temperature, leaves, 
escaping either into the air or into a vacuum chamber, called 
the condenser. 

A slide valve V is moved back and forth by the eccentric 
rod it, connected with the flywheel J*, or some other rotating 
part of the engine. The motion of this valve is such that it 
connects the port on one side of the cylinder with the steam 
chest, and a short time afterwards the other port with the 
exhaust. With the position of the parts of the engine as 
shown in the figure, the pressure of the steam, entering from 
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the boiler, moves the piston to the right and seta the flywheel 
ID motion. Shortly before the piston reaches its extreme posi^ 
tion, the slide valve has moved far enough to the left to close 
both ports ; the steam at the right-hand side is now com- 
pressed and its temperature rises. But in the meanwhile the 
elide valve has moved so far to the 
left that the steam will now enter 
through port B while the left cyl- 
inder is connected with the exhaust. 
Now the whole process la reversed, 
the piston returns to its original 
position and the cycle is repeated 
The reciprocating action of the pis- 
ton keeps up the motion of the ro- 
tating part of the engine 

In some engines the process of 
expansion from the high pressure of 
the boiler to that of the exhaust 
is distributed over a number of i 
steps, each successive cylinder being 
larger in diameter than the preced- 
ing one. Such engines are called 
compound, triple-expansion or quad- 
ruple-expansion engines according 
as the number of steps is two, three 
or four. 

191. The Internal Combustion Engine. The best known 
engines of this type are the gas and gasoline engines. Instead 
of leading steam from a separate boiler into the cylinder, a 
mixture of air and gas, or of air and gasoline which evaporates 
in the cylinder, is passed into the cylinder and there exploded. 
This produces the high temperature and the pressure necessary 
to push the piston forward. The cylinder is supplied with two 
valves, the inlet and the outlet valves, i and o (Fig, 99). 

Both valves are closed when the explosion takes place pro- 
ducing the expansion stroke (1), which drives the piston for- 
ward. On its return (2), the outlet valve opens and the burnt 
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gases are ejected, after which this valve closes. During the 
suction stroke (3), the iolet valve opens and the fuel enters 
the cylinder. With both valves closed the piston returns, 
making a compression stroke (4), and compresses the gaa mix- 
ture. Then the whole cycle repeats itself. 

It is seen that four strokes or two complete to-and-fro 
motions of the piston follow each explosion. In its simplest 
form such an engine requires 
but a single cylinder. How- 
ever, in order to increase the 
available power as well as to 
minimize the jar, due to the 
explosions, such engines are 
now furnished with two, three, 
four, and even six cylinders, 
all geared to the same shaft 
and delivering the thrusts, due 
to their individual explosions, 
at symmetrically periodic in- 
tervals. The action of such 
engines is characterized by re- 
markable speed and smooth- 




■^ '*' 192. The Steam Turbine. 

The steam turbine consists of 
ravolvino; drum on whose periphery a large number of vanes 
are mounted (Fig. 100). Jets of steam are directed agains 
these blades and by their impulses produce the rotation of the 
wheel. In the simplest types the transformation of heat into 
kinetic energy of the steam takes place at the nozzles through 
which the steam enters the turbine and the kinetic energy of 
the steam produces the useful work. 

In the " multistage " turbine the expansion is divided into 
steps, the blades being further apart in successive stages. In 
these engines the steam, which is still under considerable pres- 
sure when striking the first set of vanes, also does work by its 
expansion as it passes through the turbine, and by this method 
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produces work inside the engine at the expense of the heat 
which it contains. 

The angular velocity of steam turbines is very high, although 
it is lower in the multistage type than in the simple turbine. 
These machines occupy less space and run more quietly than 
the reciprocating engines and are especially adapted for driv- 
ing alternating current dynamos and centrifugal pumps. On 
account of the absence of jarring they are coming more and 
more into use on board steamships. 

Problems 

1. What is the thermal capacity of 1 cu ft of air, expressed in British 
thermal units, the specific heat of air being 0.24 and the density 0.08 lb 
per cubic foot? 

2. A piece of copper, weighing 300 g and heated to 99°.4 C, is plunged 
into 400 g of water contained in a copper calorimeter whose mass is 90 g. 
The temperature of the calorimeter and its contents is raised from 20^ to 
25°. 1 C. Find the specific heat of copper and the thermal capacity of the 
piece of copper introduced into the calorimeter. 

3. To find the temperature of a certain furnace, a piece of platinum of 
mass 10 g is placed in it. After taking the temperature of the furnace 
it is suddenly plunged into 40 g of water at 10° C. The temperature of the 
water rises to 24° C. What is the temperature of the furnace, assuming 
the specific heat of platinum to be 0.032 ? 

4. Calculate the thermal capacity of unit volume of mercury and of 
glass, the density of the latter being 2.5 g/cm*. Show that the thermal 
capacity of the immersed part of the thermometer may be taken without 
an appreciable error as numerically equal to 0.47 of its volume. 

5. One gram of anthracite coal if burned produces 7800 calories. How 
much heat, expressed in British thermal units, is produced 1>y the burning 
of 1 lb of coal ? 

6. How much heat is necessary to heat the air in a certain room, 
6 X 5 X 3 m from 0° C to 25° C ? How much water, cooling from 100 to 
25° C, would furnish the heat required ? 

7. If it require half a horse power for 2 min to drill through a block of 
iron of 800 g mass, how much heat is produced ? Supposing nine tenths 
of the heat to appear in the iron, how much does the temperature of the 
block rise ? 

8. The falls of Niagara are 160 ft high. How much warmer should the 
water be at the bottom than at the top ? 
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9. What must be the speed of a lead bullet if, upon striking a target, 
its temperature be raised from 27° C to its melting point, 327° C ? Assume 
that all the heat produced serves to heat the bullet, and that the specific 
heat of lead is 0.031. 

10. When a street car weighing 4000 kg and having a speed of 20 km 
per hour is stopped by the brakes, how much heat is produced ? 

11. Suppose the eaii;h's rotation around its axis to be suddenly stopped. 
What change in temperature would be produced? Consider the earth a 
sphere of uniform density, and of specific heat 0.2; radius of earth, 6360 
km. The moment of inertia of a sphere around any diameter is 2/5JI/i2^, 
where M is its mass and R the radius. 

12. If the average pressure in the cylinder of a 'steam engine be 10 kilo- 
grams-weight per square centimeter, and the area of the piston be 300 cni^, 
how many calories does the steam lose when it pushes the piston 50 em 
forward? 

13. How much heat is needed to produce the work done by a 100 H. P. 
engine running for one hour ? 

14. The efficiency of a condensing engine is about 16 per cent. How 
much coal is consumed by a 20,000 H. P. condensing engine in one hour, 
assuming 30 per cent of the heat of combustion to be lost in passing from 
ttie coal to the engine ? (See problem 5.) 

15. The average locomotive has an efficiency of about 6 per cent. What 
horse power does it develop when consuming 1 ton of coal per hour V (See 
problem 5.) 

16. A perfect engine takes steam from a boiler at 150° C, and exhausts 
into a condenser at 30° C. Compute its efficiency. 

17. The mixture of air and gas in a gas engine reaches a temperature of 
about 1100° C when it is ignited, and the temperature of this mixture is 
reduced to 600° C by expansion. What would be the efficiency of a perfect 
engine working between these temperatures ? 

18. If a compound marine engine consume 2 lb of coal per horse power 
every hour, what per cent of the energy of the coal is being transformed 
into work in the cylinder ? 

19. Calculate from the specific heats of air, and, using equation (281), 
the value of the mechanical equivalent of heat. Density of air at 0° C =t 
0.001293 g per cm*. This calculation was first made by Mayer in 1842. 



CHANGE OF STATE 
CHAPTER XXIV 

FUSION 

193. The Melting Point. It has already been shown that 
when the temperature of a solid reaches a certain point the 
body begins to melt, and that any further addition of heat, 
if not too rapidly applied, simply serves to hasten the melting 
process, without changing the temperature. If the process 
be interrupted by preventing heat from reaching or leaving 
the mixture formed, the temperature will remain constant 
and no further change in the relative amounts of solid and 
liquid takes place, thus showing that in this condition stable 
equilibrium exists. 

The melting point or the fusing point of a substance is there- 
fore that temperature at which the solid and liquid states are in 
equilibrium under the eodsting pressure. The fusing point is 
usually referred to atmospheric pressure. Above this tem- 
perature the substance exists as a liquid, while below this 
temperature it is usually a solid. When the change of state 
occurs at a relatively low temperature, the substance in ques- 
tion is generally known in the liquid state and we conse- 
quently speak of the temperature of transition as the freezing 
point. From the definition it is clear that the freezing point 
and the melting point are one and the same temperature. 

Only crystalline bodies have definite melting points. Amor- 
phous substances, such as glass, paraffine or wax, grow more and 
more plastic as the temperature is raised, and finally become 
liquid, hence no definite temperature can be found at which a 
transition from the distinctly solid state to the distinctly liquid 
state occurs. On account of this gradual change in plasticity 
such substances may be heated to softness and may then be 
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molded into any desired shape, or two pieces may even be 
welded together. By means of polarized light it may be 
shown that glasses soften sufficiently to permit of some molec- 
ular motion, and the removal of internal strains, at tem- 
peratures from 250° to 300° below the point at which the same 
glasses become fluid. 

TABLE X 
Melting Points under Atmospheric Pressure 



SUBSTANGK 


Melting Point 


SUBSTANOM 


Mbltiho Point 


Mercury 

Phosphorus .... 

Sulphur 

Tin 

Bismuth 

Cadmium .... 

Lead 

Zinc 


-38°.8 
44°.3 
115° 
232° 
260° 
320° 
327° 
419° 


Aluminium 
Silver . . 
Gold . . . 
Copper . . 
Iron . . . 
Steel . . . 
Platinum 
Iridium . . 




» 






657° 
961° 
1063^ 
1084° 
1100° 
1350° 
1778° 
2200° 



194. Heat of Fusion. The quantity of heat necessary to 
melt a body of mass Mis proportional to its mass, consequently 

^®*^^^® H^LM (290) 

The proportionality factor 

L = ff/M (291) 

is called the heat effusion of the substance and may be defined 
as the calories per gram needed to change the substance from the 
solid to the liquid state^ without change of temperature. The 
heat of fusion is therefore a measure of the energy needed to 
produce this change of state. It is numerically equal to the 
heat absorbed in the fusion of one gram of the substance. It 
may easily be found by the method of mixtures. For water 
the value of L is nearly 80 calories per gram. 

The same amount of heat, LM calories, is liberated when 
a mass M of the same liquid freezes. Pails filled with water 
are often placed in cellars in order that the water in freezing 
may liberate enough heat to prevent the freezing of the fruit 
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or vegetables in the cellar. Ice keeps a refrigerator cool 
because it absorbs from the refrigerator and its contents the 
heat needed to melt the ice^ 

This absorption of heat during melting is employed in frett- 
ing mixtures. If salt be mixed with ice, a salt solution is 
produced. The heat of fusion of the ice must be supplied by 
the mixture and the vessels standing in it. Melting is there- 
fore a cooling process, and freezing a warming process. 

195. Supercooling. While a solid when heated always begins 
to melt as soon as the melting point is reached, a liquid, 
if carefully protected from mechanical disturbances, may fre- 
quently be -cooled below this point without freezing. Thus 
water may easily be cooled to — 10% or more, without the 
formation of ice. This phenomenon is called supercooling. 
The liquid is then in a state of equilibrium less stable than 
that of the mixture of solid and liquid which will ensue as 
soon as a crytal is brought into the liquid. 

This is easily shown with hyposulphite of soda. The salt, 
after having been melted at a temperature somewhat above 60% 
will remain liquid in a stoppered flask for an indefinite time at 
ordinary temperatures. But the moment a crystal is dropped 
in, fine needles will be seen to shoot from it in all directions 
and soon the whole volume is filled with crystals. At the 
same time the temperature rises to the normal melting points 
49^.5. This evolution of heat is due to the heat of fusion 
liberated during the crystalization. 

With some substances supercooling may be continued to such 
relatively low temperatures that the liquid becomes more and 
more viscous and finally solid, so far as its mechanical proper- 
ties are concerned. Ordinary glass is an example of such a 
substance. Quartz crystals melt at about 1500^. If the molten 
mass be cooled, it becomes an amorphous, transparent substance, 
of valuable physical properties (Art. 155}. Quartz gltiss, or 
fused quartz, is therefore nothing but supercooled liquid quartz. 

196. Change of Volume during Fusion. In general^ substances 
contract when they freeze and expand when they melt« Notable 
exceptions, however, are cast iron and tyjte metal. While other 
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bodies would, upon solidification, draw away from the mold^ 
these metals expand, press into the mold, and reproduce the 
finest and most minute details. 

The most common exception is water. One gram of water 
expands upon freezing from 1.00012 cm^ to 1.092 cm^. This 
expansion plays an important role in the disintegration of rocks 
during the winter season. The pressure exerted by freezing 
water is very great. A cast iron bomb if filled with water and 
securely sealed by a screw cap will, when placed in a freezing 
mixture, explode with a loud report. 

197. Influence of Pressure upon the Freezing Point. All sub- 
stances which expand upon melting have their melting points 




Fig. 101. 

raised by an increase of pressure ; all substances which contract 
upon melting have their melting points lowered. Or, iii general, 
pressure favors that state in which the volume is least. This in- 
fluence of pressure is very small. Thus an increase of pressure 
of one atmosphere lowers the melting point of ice only 0^.0075 C, 

Snow easily packs under pressure if the temperature be near 
the freezing point, but will not do so if the weather be too cold. 
Two pieces of ice may be frozen together under warm water by 
applying considerable pressure and then releasing them suddenly. 

Let a mass of several kilos be hung by a thin wire over a 
block of ice (Fig. 101). In a short time the wire will be found 
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to have cut completely through the block, leaving the ice as 
solid as it was at the beginning. The ice just below the wire 
melts on account of the increased pressure and it absorbs heat 
of fusion by which a temperature a little below 0° is produced 
at the place where the wire touches the ice. The water passes 
the wire and freezes again above it, on being released from the 
pressure. If the mass be of metal, it will be better to insert a 
link of string between the mass and the fine wire. 

198. Freezing Point of Solutions. A small quantity of salt 
dissolved in water lowers the freezing point nearly in propor- 
tion to the quantity dis- 
solved. When such a 
solution begins to freeze, 
however, we find that it 
is only the water which 
freezes out, while the 
salt, remaining in solu- 
tion, makes it more 
concentrated and con- 
sequently lowers the 
freezing point still 
further. 

If, on the other hand, a concentrated salt solution be cooled, 
the salt crystallizes out as soon as the limit of its solubility is 
reached, and the solution becomes more dilute. The less con- 
centrated the solution, the lower the temperature at which the 
salt begins to " freeze " out. 

In the first case the solution becomes saturated with respect 
to the solvent, water ; in the second, with respect to the dis- 
solved substance, salt. If the temperature at which saturation 
occurs be plotted as a function of the concentration of the solu- 
tion, two curves (Fig. 102) are obtained which meet at a point, 
P, of minimum temperature. Cool a solution of any concen- 
tration, for example one corresponding to a point A. Crystal- 
lization, either of the salt or of the solvent, will begin as soon 
as the temperature has fallen to that of some point B on 
the saturation curve. Upon further cooling, the solution 
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moves along the saturation curve to the point P, where the 
whole mass solidifies as a mechanical mixture of ice and salt. 
Such a mixture is called a cryohydrate. The cryohydrate of 
common salt and water contains 26 per cent of salt and solidifies 
at - 23^ C. 

Alloys of metals behave in a manner similar to solutions. 
In general, the melting point of the solvent is lowered by the 
addition of a small quantity of some other metal. Solders are 
well known examples of this fact. 

A notable example of this is found in Wood's metal, com- 
posed of 52 per cent of bismuth, 26 per cent of lead, 15 per cent 
of tin, and 7 per cent of cadmium. This alloy melts at 75°. 5 C, 
so that a spoon made of this metal melts when placed in hot 
tea. 



CHAPTER XXV 

VAPORIZATION 

199. Vaporization. Vaporization ia the process of transform- 
ing a substance from the solid or the liquid state into the 
gaseous state. According to the molecular theory some of the 
molecules of a solid or of a liquid possess sufGcient kinetic 
energy to carry them through and beyond the surface of the 
mass. The molecules thus " freed " form the vapor filling the 
surrounding space. By virtue of their impact upon the re- 
straining walls they exert a definite pressure. This pressure is 
termed the vapor pressure of the substance for that temperature. 

Vaporization from a liquid is called evaporation. Vaporiza- 
tion from a solid is termed evhlimation. 

200. Evaporation. If a small amount of liquid be intro- 
duced into a barometric tube above the 
mercury, it begins to evaporate and, on ac- 
count of the pressure which the vapor exerts, 
the mercury falls to a certain height which 
is independent of the width of the tube and 
of the space filled with vapor, so long as 
there is any liquid left in the tube (Fig. 
103). Vapor which is in equilibrium with 
its liquid is called gaturated vapor. The 
molecular theory teaches that after equilib- 
rium is established, as many molecules leave 
the liquid during a given time as reenter it 
from the vapor. If the space above the liquid 
be increased, more vapor is formed, but so 
long as any liquid is present, the meniscus 
of the mercury in the tube remains at the same height above the 
level of the mercury in the cup. This shows that saturated 
vapor at a given temperature always exerts the tame presture. 
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If the volume be increased until all liquid is evaporated, the 
vapor becomes isolated and the pressure at a given temperature 
depends only upon the volume occupied by the vapor. It is 
then called an unsaturated or superheated vapor and follows 
very nearly the gas law. 

In order to distinguish the pressure exerted by an unsatu- 
rated vapor from that of a saturated vapor we shall call the 
pressure due to the latter vapor tension, 

201. Evaporation and Dalton's Law. When water is intro- 
duced into a barometric tube at a temperature of 20° C, the 
mercury meniscus falls 1.74 cm. The vapor tension of water 
at 20° corresponds, therefore, to 1.74 cm of mercury, or it is 
equal to 23,170 dynes per square centimeter. If the tube had 
been partially filled with some gas which does not act chemi- 
cally upon water, the lowering of the mercury upon the intro- 
duction of water would have been very nearly the same as 
before. This shows that the vapor tension of the water has 
simply been added to the pressure of the gas previously in the 
tube. This illustrates Dalton's law (Art. 95). 

A liquid evaporates into a vacuum or into any mixture of 
gases until the individual pressure produced by its vapor equals 
the vapor tension of the liquid at the existing temperature. 
The only influence of the other gases will be a decrease in the 
rate of evaporation. Thus water at 20° C evaporates so long 
as the partial pressure of water vapor in the surrounding 
atmosphere is below 1.74 cm of mercury, or until the atmos- 
phere becomes saturated with vapor. Since water vapor has, 
under the same conditions, a smaller density than dry air, it 
follows that at the same temperature and under the same pres- 
sure a given volume of dry air weighs more than the same 
volume occupied by air so "laden with moisture." For this 
reason the barometer reading is low when the air contains 
much water vapor. 

202. The Vapor Tension Curve. Change in temperature has 
a great influence upon the pressure exerted by a saturated 
vapor. The relation between the two may be plotted as a 



VAPORIZATION 



241 



-150 



curve on a pressure-temperature diagram (Fig. 104). The 
points on this curve will then represent the condition of equi- 
librium between the liquid and its saturated vapor. Such a 
curve is called the vapor 
tension or evaporation curve. ^ 
If the pressure of the vapor '* 
in contact with its liquid 
be greater than the vapor 
tension of the liquid at the 
same temperature, the va- 
por will condense. If the 
pressure be smaller, the liq- 
uid will evaporate. For 
conditions of equilibrium, 
therefore, the space on the 
left-hand side of the curve 
represents the liquid state 
alone, while that on the 
right represents the gaseous state. Figure 104 represents these 
relations for water. 



9 



i 

I 



-iOO 



-50 



50 

Fia. 104. 



Temperature 



too 



203. The Boiling Point. When a liquid is heated, its tem- 
perature rises and its vapor tension accordingly increases, until 
finally bubbles are formed in the liquid itself, especially at the 
place where the heat is applied. The liquid "boils" when 
evaporation no longer takes place quietly on the surface. The 
bubbles of saturated vapor expand against the pressure of the 
surrounding atmosphere and that of the small layer of liquid 
above them as they rise to the surface, while at the same time 
the liquid rapidly evaporates into the bubble from all sides. 

The boiling point of a svistance is the temperature at which 
the vapor tension of the substance equals the gas pressure upon the 
liquid^ no matter to what this pressure may be due. The 
" normal " boiling point is always referred to a pressure corre- 
sponding to 760 mm of mercury. 

The boiling point is evidently the temperature on the vapor 
tension curve corresponding to the gaseous pressure on the 
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liquid. It is given accurately by the reading of a thermometer 
bung in the vapor a short distance above the boiling liquid.^ 

TABLE XI 
Boiling Points of Some Liquids under Atmospheric Pressure 



SUBSTANCK 


Boiling Point 


SUBSTANOK 


BoiLiNO Point 


Ethylene 

Ammonia .... 

Chlorine 

Ether 

Carbon bisulphide . . 


-103° 

- 38^5 

- 33°.6 

+ 35° 
+ 46° 


Chloroform . . 

Alcohol 

Toluene 

Glycerin 

Mercury 


+ 61° 

+ 78° 
+ 110° 
+ 290° 
+ 357° 





204. Superheating. The vapor bubbles form in a boiling 
liquid usually at places where minute air bubbles adhere to the 
walls of the vessel or to some foreign substances present in the 
liquid. After the air has been removed by previous boiling, 
the liquid may often be heated considerably above the boiling 
point, since no opportunity is given for the formation of vapor 
inside the liquid. The liquid is then said to be superheated. 
In such cases sudden boiling will finally set in with almost 
explosive violence. 

In order to show the superheating of a liquid, heat a beaker 
full of water that has been boiled for a few minutes and allowed 
to cool. The temperature may be carried several degrees 
above the boiling point as shown by the reading of the barome- 
ter. If now there be added to the water a small quantity of 
white sand or finely powdered glass, violent boiling will ensue. 

As another illustration of superheating, fill a tube closed at 
one end and about 80 cm long, with mercury and a few cubic 
centimeters of ether. Invert it in a deep dish filled with mer- 
cury. If care be taken to remove all air, the ether will remain 
liquid on the top of the mercury. The experiment succeeds often 
with a mercury column more than 76 cm long, the liquid being 
actually under a pull and yet not evaporating. A slight jar, 
however, will start evaporation and the mercury will rapidly 

1 For method of determination of the boiling point see Manual, Exercise 32. 
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fall to a position, corresponding to the normal pressure given 
by the vapor tension curve ; that is, 44 cm at 20° C. 

A superheated liquid is therefore in a less stable state than 
the mixture of the liquid and its vapor at the same temperature. 

205. Influence of Pressure upon the Boiling Point. If a ves- 
sel with water at ordinary temperature be placed under the 
receiver of an air pump, a few strokes of the pump will cause 
the water to boil. The experimental result that the boiling 
point is lowered by a decrease of pressure could have been pre- 
dicted from a study of the general shape of the vapor tension 
curve and from the definition of the boiling point as given 
(Art. 203). 

The influence of pressure upon the boiling point is much 
more marked than its influence upon the melting point. The 
boiling point of water, for example, changes 0°.37 for a change 
of 1 cm of mercury in barometric pressure. 

Since the change of barometric pressure amounts to about 
1 mm of mercury for a vertical rise of 11 m, water boils on 
Pike's Peak, 4310 m above sea level, at 85°, a temperature at 
which many ordinary cooking operations are impossible. On 
the other hand, the boiling point of water in a steam boiler 
under a pressure of 100 lb per square inch is 155° C. 

TABLE XII 
Boiling Point of Water under Different Barometric Pressures 



Pbxsbube 


Boiling Point 


Pressube 


Boiling Point 


Pbebsube 


Boiling Point 


73.0 
73.5 
74.0 
74.5 


98°.88 
99^07 
99^.26 
99° .44 


75.0 
75.5 
76.0 
76.5 


99^63 

99°.82 

100°.00 

100°.18 


77.0 
77.5 

78.0 
78.5 


100°.37 
100°.55 
100°.73 
100°.91 



206. Vapor Tension and Boiling Point of Solutions. The vapor 
tension of a solution containing a non-volatile salt is always 
lower than that of the solvent at the same temperature. For 
dilute solutions the decrease is proportional to the concentra- 
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tion. The vapor tension curve of a solution, therefore, always 
lies to the right of that of the solvent. In Fig. 105 the vapor 
tension of a solution is indicated by the dotted lines, while the 
full line gives the vapor tension of the solvent. Consequently 
for a given pressure, the boiling point M of the solution is 
higher than iV, that of the solvent. For example, 35.5 parts 
of sodium chloride (common salt) dissolved in 65.5 parts of 

water lowers the vapor ten- 
sion at 100° nearly 18 cm of 
mercury and raises the boil- 
ing point to 107°.5. 

It is frequently stated that 
the temperature of the vapor 
above the boiling solution is 
the boiling point of the sol- 
vent. A thermometer hung 
in the vapor condenses some 
of the vapor, and then indi- 
cates the boiling point of the 




Temperature 

Fig. 105 



solvent. But if such condensation be prevented, it may be shown 
that the vapor of a boiling solution is at a temperature equal to 
the boiling point of the solution and not to that of the solvent. 
When a solution, containing non-volatile substances is boiled, 
only the solvent evaporates, while the dissolved substance 
crystallizes out, when the solution becomes sufficiently satu- 
rated. 

207. Distillation. The vapor rising from a boiling liquid 
may be condensed into a liquid by being passed into a cold 
vessel. This combination of boiling and condensation is called 
distillation. It affords a convenient method for freeing a 
liquid from impurities, as water from salts, or mercury from 
other metals. Evaporation in a vacuum is employed either 
when the normal boiling point is very high as in the case of 
mercury, or when the substance crystallizing out is chemically 
changed at the normal boiling point. Sugar solutions are 
evaporated in a vacuum to prevent scorching the sugar at the 
boiling point of the syrup. 
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The saturated vapor above a mixture of two volatile 
liquids, such as alcohol and water, contains in general the 
two constituents in a different proportion from that in 
the solution. If such a solution be boiled, the constituent 
whose percentage is higher in the vapor than in the liquid 
distills over more rapidly and consequently is found in muclir 
larger concentration in the distillate than in the original 
solution.^ 

In some mixtures there exists a definite concentration at 
which the proportion of the constituents is the same in both, 
liquid and vapor. Solutions of this concentration distil over 
unchanged. An example of this is common alcohol of 96 per 
cent concentration, which boils at 78°. 17 C, a temperature 0°.13 
C below the boiling point of pure alcohol. At higher concen- 
tration than 96 per cent, there is relatively more water in the 
vapor than in the liquid, and, consequently, more water distills 
over than alcohol. 

It is evident, that alcohol containing much water may be 
concentrated by repeated distillation, up to a strength of 96 
per cent, but that it is impossible to obtain by this method an 
alcohol of greater concentration. Absolute alcohol is obtained 
by allowing 96 per cent alcohol to stand for some time over 
quicklime. 

208. Heat of Vaporization. From the foregoing considera- 
tions it is clear that when a liquid is changed to a vapor, a 
certain quantity of heat is needed to effect this transformation. 
The heat of vaporization of a substance denotes the calories per 
gram needed to vaporize that substance without change of tempera- 
ture. This heat of vaporization is constant for a given sub- 
stance for a given temperature, but decreases as the temperature 
increases. For water this relation is given by the equation, 
proposed by Griffiths, 

i = 696.6 -0.601^ (292) 

1 For a discussion of the behavior of different mixtures of two volatile liquids, 
see Chwolson, Lehrbuch der Phyaik, vol. HI, p. 984. 
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More recent determinations are found in the following table : 

TABLE xm 
Heat of Vaporization op Water 



Tempebaturb 


L IN Gat., pbb Gbam 




0"C 


596.3 




25^0 


582.5 




50° C 


568.2 




75° C 


553.3 




100° c 


538.0 





Since water, on vaporization at 100% expands to about 1660 
times its liquid volume, it follows that by this expansion it has 
done work and has absorbed energy. Of the total heat energy 
absorbed in the vaporization of water, about ^ is needed to 
effect this expansion, while the remaining ^| is to be regarded 
as an increase in the potential energy of the water molecules, 
so long as they exist in the form of steam. When the steam 
condenses again to water, all the heat absorbed during vaporiza- 
tion is given out. Upon this principle depend many important 
industrial applications, such as steam heating, steam cooking, 
etc. 

209. Cooling by Evaporation. Owing to the large amount 
of heat absorbed, rapid evaporation is a very efl&cient means of 
cooling. To that end we sprinkle the floors or sidewalks on a 
hot day, or bathe with water or alcohol, patients suffering from 
fevers. Water kept in a porous jar is always at a lower tem- 
perature than that of the surrounding air, owing to the rapid 
evaporation of part of the water on the outer surface of the 
porous vessel. 

Water may even be frozen by its own evaporation provided 
this be made sufficiently rapid. To this end a small flat cup of 
water, thermally insulated, is placed over a shallow dish con- 
taining concentrated sulphuric acid (Fig. 106), and the whole 
covered by a flat receiver upon the plate of an air pump. At 
1 A. W. Smith, Monthly Weather Beview, October, 1907. 
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Fio. 106. 



the first stroke of the pump a cloud of mist is seen which is 
largely absorbed by the acid. After the air has been pumped 
out of the water, the pressure in 
the receiver is soon reduced to 
a value below the vapor tension of 
water at room temperature, and 
rapid boiling begins. Now, since 
all heat needed for the vaporiza- 
tion must be supplied from the 
cup and its contents, it is evident 
that the temperature of the water 
must fall quickly, and if the pump 
be worked rapidly, the water boils 
and freezes at the same time. For 
success in this experiment the 
pump must not only exhaust rapidly, but must also reduce the 
pressure in the receiver to'something less than 4.6 mm of mer- 
cury (Art. 211). 

210. Cooling by Expansion of Gases. We have already seen 
(Art. 176) that if a gas be heated under constant pressure, it 
expands, and absorbs heat. The converse of this truth is seen 
in the fact that if a gas under pressure be allowed to expand 
it tends to absorb heat, and its temperature rapidly falls. If 
the gas be liquified and held under great pressure, then on 
its release we have the combined cooling effects due to vapor-* 
ization of the liquid and the expansion of the resultant vapor^ 
In this way a gas may be cooled so suddenly as to be frozen solid. 

If a cylinder containing liquid carbon dioxide be placed in a 
vertical position with the valve down, then on opening the 
valve, the liquid will be driven out by the pressure of the con- 
fined gas. Owing to the high vapor tension of the liquid, a 
very rapid evaporation and expansion occurs, and the gas is 
quickly chilled to the freezing point. If a bag made of flannel 
or chamois skin be held over the opened valve, it will soon be 
filled with a snowy substance, the solid carbon dioxide, which 
under atmospheric pressure has a temperature of — 78°. If this 
snow be gathered up and complressed into a brick, it may be kept 
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for hours in the open air. It slowly sublimes without passing 
through the liquid state (Art. 211). 

A mixture of solid carbon dioxide and ether or alcohol is 
more convenient for experimentation than the solid dioxide 
alone, because the liquid at — 78° insures better thermal con- 
tact with bodies immersed in it. With this mixture mercury 
may readily be frozen. 

In commercial refrigerating plants liquid ammonia is rapidly 
evaporated in a system of coils by the action of a pump which 
constantly draws oflf the ammonia vapor, and at the same time 
compresses it at another part of the apparatus, the condenser, 
which is cooled by running water. This takes up the heat of 
condensation. Under the high pressure in the condenser the 
ammonia liquefies and then by a regulating valve is slowly 
readmitted to the coils in which the evaporation takes place. 
This part is called the evaporator and is usually immersed in a 
tank filled with brine. The brine is kept in circulation by 
separate machinery. In artificial ice plants it flows around the 
vessels containing the water to be frozen ; in the cold storage 
plants it is pumped through coils placed in the rooms which 
are intended to be kept cool. 

211. Sublimation. The pressure of the vapor produced by a 
solid is usually quite small. For most solids it is practically 
zero at ordinary temperatures, although our sense of smell often 
tells us that some vapor is being given oflf. For ice at O*' the 
saturated vapor pressure is 4.6 mm of mercury, and decreases 
rapidly with decrease of temperature. 

For some solids the saturated vapor pressure may become 
quite large at higher temperatures. For iodine it is only 0.01 
mm of mercury at 0% but 47.6 mm at 100°, and 687.2 mm, or 
almost one atmosphere, at 180°. 

As in Art. 202 we may plot a saturated vapor pressure curve 
representing the conditions under which a solid is in equilibrium 
with its vapor. We shall call this curve the sublimation curve. 

212. The Triple Point. We have seen in Arts. 197, 202, and 
211, that under certain conditions of pressure and temperature 



VAPORIZATION 



249 



two states of a substance may be in equilibrium, and that these 
conditions are represented on a pressure-temperature diagram 
by curves ; namely the fusion curve, the vapor-tension curve 
and the sublimation curve. In Fig. 107 all three of these 
curves are drawn for a substance whose melting point decreases 
with increase ^of pressure. The curves intersect at a point 
which is called the triple point and indicates the pressure and 
temperature at which all three states are in equilibrium. For 
water this point is at the temperature -1-0°. 0076 and at a pres- 
sure of 4.6 mm of mer- . 
cury. 

The temperature of a 
solid body when heated 
under a pressure higher 
than that of the triple 
point will first rise, line 
AB (Fig. 107), until the 
fusion curve is reached. 
Then it will melt while 
the temperature remains 
constant. After the melt- 
ing is completed the tem- 
perature of the liquid 
will rise, line J? (7, until 
the vapor-tension curve is reached ; but unless superheated, it 
cannot remain liquid beyond (7, which is the boiling point for a 
given pressure. After all liquid is evaporated, further heating 
will increase the temperature of the vapor formed, line CD. 

If the triple point of a substance lie at a pressure of more 
than one atmosphere, the solid when heated in an open vessel 
will not melt, but will sublime, as is shown in the figure by the 
line A'Siy, Camphor and carbon dioxide belong to this class of 
substances. They have no " normal " melting or boiling point, 
since under atmospheric pressure the liquid state is impossible 
for a state of equilibrium. 
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213. The Dew Point. The atmosphere is said to be saturated 
with moisture if the partial pressure of the water vapor in the 
air alone equals the vapor tension of water at the temperature 
of the air ; that is, if the water vapor becomes saturated. In 
this case no further evaporation takes place from a wet surface. 
In general the atmosphere is not saturated, but if the air be 
cooled, it may reach a temperature at which it is saturated. 
Cooling beyond this point results in a condensation of the vapor 
into water. 'The dew point is the temperature at which the 
water vapor present in the air becomes saturated. 

The dew point hygrometer consists of a vessel with an outer 
surface of highly polished metal, and containing some volatile 
liquid, such as ether. By rapid evaporation of this liquid the 
vessel may be cooled below the dew point. This fact is easily 
recognized by the formation of a thin film of minute water 
drops upon the metallic surface. The temperature of the vessel 
is measured by an accurate thermometer. The vapor tension 
corresponding to the dew point gives at once the actual vapor 
pressure in the surrounding air. 

Dew does not " fall," but is produced by the condensation of 
moisture upon surfaces which have been cooled below the dew 
point. This happens frequently on clear nights when the earth 
loses much heat by radiation to the sky. Dew forms on the 
upper surfaces of stones, plants, etc. Moisture is also frequent- 
ly found collected under cold stones, because the soil under- 
neath remains warm . and the air in contact with it has a dew 
point above the temperature of the stone. 

Frost is formed in the same manner as dew, except that the 
partial pressure of the water vapor is below that of the triple 
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point, so that the vapor will not condense until a temperature 
below 0*^ has been reached. 

214. Relative Humidity. Relative humidity is the ratio of 
the pressure of water vapor in the air to the saturated vapor 
pressure at the temperature of the air. After the dew point 
has been determined it is only necessary to read from the vapor 
tension curve the pressure corresponding to the dew point and 
divide this by the vapor tension corresponding to the temper- 
ature of the air. This ratio is the relative humidity. 

Our sense of dryness and dampness does not depend upon 
the absolute amount of water vapor in the air. At 0° air is 
saturated with moisture, if 4.8 g of water are contained in 
one cubic meter of air, or if the partial pressure is 4.57 mm 
of mercury. At 0® air containing this amount of water will 
feel very moist. At 25° the partial pressure of the same 
amount of water in the air would be (eq. 258) nearly 

p== 4^ 298 = 5.0 mm 
273 

of mercury ; but the vapor tension at this temperature is 23.52 
mm, so that in this case the relative humidity would be only 
21.3 per cent, which would make the air appear quite dry. In 
fact, the capacity of the air for water vapor nearly doubles for 
every rise in temperature of ICP O. 

The relative humidity may also be determined by the use 
of the wet and dry bulb thermometers, or the psychrometer. 
This instrument consists of two thermometers, the bulb of one 
being surrounded by a wet piece of muslin, or by a wick dip- 
ping into a vessel of water. The drier the air, the more rapidly 
does the water around the wet bulb evaporate and the lower 
will be the temperature of this thermometer. The evaporation 
on the wet bulb may be facilitated by whirling the thermome- 
ter through the air (sling thermometer). Tables have been 
prepared giving direct readings of the relative humidity, from 
the difference in the readings of the two thermometers and 
the temperature of the air as determined by the dry bulb 
thermometer. 
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316. Condensation of Water in the Atmosphere. We have 
seen that when air is cooled below the dew point the water 
vapor begins to condense upon any solid or liquid surface. 
There are always numerous dust particles in the air which 
form the nuclei for the water drops. The size of the drops 
depends upon the number of nuclei present. Very small drops 
remain suspended in the air for a long time and form mists or 
fogs. These are frequently formed when moist layers of air 
are driven by the wind over cold water surfaces, or if they are 
cooled rather slowly. _ The dense fogs in large cities are ex- 
plained by the large number of dust and soot particles in the air. 

The condensation accompanying the cooling of moist air may 
easily be shown by the sudden expansion of moist air under the 
receiver of an air pump. If a light be viewed through the mist 
while it forms, beautiful color effects may be observed. 

Clouds may be formed in two different ways: 

(a) The "cumulus" clouds are due to the condensation of 
water vapor when moist air is carried by an upward air current 
to regions of lower pressure and its temperature is lowered by 
adiabatic expansion. These clouds appear in billowy, well- 
defined shapes, and are due to local disturbances in the atmos* 
phere. They are rarely more than three miles high. 

(ft) The " stratus " clouds are probably due to the mingling 
of a cold air current with a warmer damp current, either over- 
flowing it or driven up towards it, but moving rather in a 
horizontal than in an upward direction. The result is an exten- 
sive layer, without well-defined shape, covering the sky. 

Very small water drops floating at high altitudes in the air 
produce the optical effect known as a " corona," while a " halo " 
is a similar effect caused by particles of ice. 

The amount of rainfall in different parts of this country 
varies from 5 to 10 inches per year in the western part of 
Arizona, Nevada and Utah, to over 80 inches on the northern 
Pacific coast. The largest rainfall in the Atlantic states is 70 
inches per year, in the mountains of North Carolina. The 
average rainfall in Michigan is between 25 and 35 inches per 
year. 
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LIQITHFACTION OF GASES 

216. Liquefaction by Pressure. We have seen (Art. 202) 
that condensation of vapor will in general occur at a given 
temperature when the pressure upon the vapor is raised to a 
value higher than that which corresponds to this temperature 
on the vapor tension 
curve. Vapors are gases, 
but the term vapor is com- 
monly used, if the tem- 
perature be not far 
removed from the point 
of condensation. 

Some gases may be 
easily liquefied at ordi- 
nary temperatures by the 
application of pressure alone, as, for example, chlorine, ammonia 
and sulphur dioxide. Faraday ^ combined a cooling of the gas 
with compression, and thus liquefied carbon dioxide. 

His apparatus (Fig. 108) consisted of a bent tube, into one 
end of which, «7, he had sealed the chemicals for producing the 
gas, while the other end, K^ was inserted in a freezing mixture.- 
The gas, when generated, was thus liquefied under its own 
pressure. Other gases have for a long time withstood all 
attempts at liquefaction by simple methods. 

217. The Critical Point. In 1868 Andrews discovered the 
fact that carbon dioxide cannot be liquefied by any pressure, 
however large, if its temperature exceed 31°. 1. His experi- 
ments^ may best be described by reference to a diagram (Fig. 
109) in which the state of the substance is represented by 

1 PhiU 2Van»., 1828. « Phil Tran$., 18«9. 
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its volume and the corresponding pressure. Starting with 
the carbon dioxide gas at a low temperature, say 13^.1, and 
compressing it isothermally, the pressure constantly increased 
until it equaled the vapor tension at 13°.l, corresponding to point 
B. At this point liquefaction began. The whole volume of 

the mixture of liquid 
and gas now decreased 
while the pressure re- 
mained constant, until 
all the gas was lique- 
fied, point (7. Upon 
further compression 
the pressure of the liq- 
uid rapidly increased. 
Similar curves were 
obtained at higher 
temperatures, but it 
was found that the 
higher the tempera- 
ture, the shorter be- 
came the horizontal 
part of the curve JS(7, 
which represents the 
mixture of liquid and 
gas. At 31°. 1 no vis- 
ible liquefaction could 
be obtained and the curve showed only a distinct bending 
toward the horizontal before suddenly rising. 

At still higher temperatures the curves became smooth and 
similar to those of a substance obeying the gas law. The area 
enclosed by the dotted line shows then the conditions under 
which a mixture of liquid and gas can exist. The temperature 
of the isothermal on which the substance upon compression 
ceases to show a free surface, which alone shows a distinction 
between the liquid and the gaseous state, is called the critical 
temperature. The point of contact, P, of the region of mixture 
with this isothermal line is called the critical point ; and the 
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corresponding pressure and specific volume are termed the 
critical pressure and critical volume for the substance. 

218. Transition through the Critical Point. Let a heavy walled 
glass tube (Fig. 110), closed at both ends, be filled about half 
full of ether, the space above the liquid being occupied 
by ether vapor. The ether is clearly in a state corre- $\ 
spending to some point in the region of mixture. If ) 

the tube be slowly heated, it will be found that the 
liquid expands first slowly, then more rapidly. This is 
accompanied by a considerable increase of pressure. 
The meniscus of the liquid becomes flatter, and, as the 
critical point is reached, it becomes indistinct and 
finally disappears. The tube is now to all appearances 
filled with a homogeneous substance, the ether having 
passed out from the region of mixture. It is idle to discuss 
the question whether it is now a liquid or a gas. At this state 
we cannot distinguish between the two. 

When the temperature is allowed to fall again, a hazy cloud 
forms in the upper part of the tube, the meniscus reappears 
and the substance is again in two distinct states of aggregation, 
liquid and gaseous. 
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TABLE XIV 
Critical Temperature and Pressure 


SUBSTANCX 


Gbit. Timp. 


Obit. Pbisbubk 


Carbon dioxide 

Ammonia 

Chlorine 

Ether 


31M 
13P 
146"=^ 
190° 
240^ 
374° 


77 atmos. 
113 " 
93.5 " 

37 " 


Alcohol 

Water 


64 « 
195 ** 



219. Van der Waals' Equation. It is apparent from the form 
of the curves (Fig. 109) that the gas law does not accurately 
represent the state of a gas near the region of liquefaction. In 
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Lt c V 1879 >^n der Waals proposed ^ an equation which, while not 
quite exact, yet represents the actual curves much better than 
the gas law not only at the right-hand side of the region of 
mixture, but also on the left-hand side. In the region of mix- 
ture this equation gives a curved line as shown by the dotted 
line (Fig. 109) for the isothermal line corresponding to 21°.5. 
Van der Waals' equation is 

(p+^(v-b:f = BT (298) 

in which a and b are constants characteristic of the gas in ques- 
tion provided v represent the specific volume of the gas. This 
equation, with changed values for a and 6, has been found to 
be applicable to many other gases besides carbon dioxide. 

This equation becomes the gas law when the correction terms 
are small, that is, when the volume is very large in comparison 
with the volume just before condensation, or when the tempera- 
ture is very high, in comparison with the critical temperature. 

The constant a was introduced in order to take into account 
the attraction between the molecules of the gas. This attrac- 
tion will evidently produce a smaller volume, and its effect is 
equivalent to a pressure which must be added to the external 
pressure. The attraction between the molecules is propor- 
tional to the number of molecules, exerting the attraction, as 
well as to that of the attracted molecules, or it is proportional 
to the square of the total number of molecules present. But 
at constant temperature their number varies directly as the 
density of the gas and inversely as its volume. The correction 
factor which must be added to the external pressure is thus 

equal to — 

The fact that the molecules, however small, still have same 
size^ and consequently occupy some small volume, is taken into 
account by subtracting a small volume, ft, from the measured 
volume. It should be mentioned, however, that b is not the 

^ Translated in Phya. Mem.^ Phys. Soc. London, vol. 1. 
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actual volume of the molecules, but represents, as van der 
Waala haa shown, a volume four times as targe. "" 

220. The Regenerative Process. Some gases possess a criti- 
cal temperature below — 100° and mi^t therefore be cooled be- 



i^ 




low this temperature before they can be liquefied. A method 
which allows a continuous production of these substances in the 
liquid state was discovered in 1896 by Linde and at about the 
same time by Hampson. 

The principle used is based upon the fact that gases cool 
upon expansion (Arts. 181 and 186). The gas is highly com- 
pressed to a pressure of 200 atmospheres in a coil immersed in 
a low temperature bath (Fig. Ill), and expands through a 
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needle valve J8, to a lower pressure, 10 to 20 atmospheres. The 
cooled gas is then led back through a wider coil completely sur- 
rounding the high pressure coil. It consequently cools the com- 
pressed gas before this gas reaches the expansion valve. Thus, 
as the process is continuous, the temperature of the compressed 
gas is constantly being lowered, until it finally reaches the 
critical temperature. The gas is then partly liquefied and the 
liquid collects in the vessel below the valve JS', through which 
the cold gas expands from about 20 atmospheres to atmospheric 
pressure. The non-liquefied portion of this gas below JS' is 
also led back through a wide outer tube surrounding the tube 
containing the compressed gas and thus assists in cooling this 
gas still further. 

Liquid air machines built on this principle may now be found 
in many physical laboratories. Hydrogen was first liquefied by 
Dewar in 1898, and frozen to a foamlike solid by boiling it 
under reduced pressure.^ Helium was first liquefied by Kamer- 
lingh-Onnes ^ in 1908. By boiling this liquid under reduced 
pressure, he attained the temperature — 270°, or within SP of the 

absolute zero, 

TABLE XV 

Freezing Point, Boiling Point and Critical Data of Gases 



SUBSTANCB 


Fbikzino Point 


Boiling Point 


Ceit. Tkmp. 


Obit. PRsesuBE 


HeHum .... 
Hydrogen . . . 
Nitrogen . . . 
Oxygen. . . . 
Ethylene . . . 


-260'' 
-210° 

- 227° 


- 268^8 

- 252°.5 
-194° 
-181° 
-103° 


-268° 
- 240°.8 
-145° 
-118° 
-f 10° 


2-3 atmos. 
14 " 
34 " 
60 « 
38 " 



ProblemB 

1. Equal masses of water at 25° C and ice at 0° C are mixed. What is 
the resulting temperature ? 

2. A mass of 100 g of melting ice is placed in a copper calorimeter whose 
mass is 100 g, and which contains 500 g of water at 30*^ C. After the ice is 
all melted, what will be the temperature of the calorimeter ? 

1 Chemical News, 1900. « Nature, 1908. 
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3. A mass of 100 g of ice at — 10° C is dropped into a copper calorimeter 
of mass 100 gy containing 500 g of water. The temperature of the calorim- 
eter is lowered from 30° to 11°.9 C. Determine the heat of fusion of water. 
Specific heat of ice = 0.5. 

4. What is the heat of fusion of water, expressed in British thermal 
units ? 

5. How many inches of rain at 10*" C must fall in order to melt a sheet 
of ice J in thick ? 

6. If 10 lb of water should freeze in a cellar containing 3000 cu ft of 
air, how much would the air be warmed, assuming the specific heat of air 
as 0.24 and the mass of one cubic foot of air as 0.08 lb ? 

7. What is the thermal capacity of one cubic foot of air in British ther- 
mal units per degree Fahrenheit? in calories per degree Centigrade? 

8. A loop of wire 0.02 cm in diameter is placed over a piece of ice, and 
a 4 kg weight is hung from it. The length of the wire in contact with the 
ice is 5 cm. Find the average pressure under the wire. At what tempera- 
ture will the ice under the wire melt ? 

9. If 5 kg of water at 25° C be placed in a porous jar through which 
some water can gradually pass and evaporate, how much will have to evapo- 
rate in order to cool the remaining water 8° C below the temperature of the 
surroundings, assuming the water equivalent of the jar to be 50 g ? 

10. How large a portion of water, undercooled to —12° C will freeze 
when crystallization takes place? Disregard the water equivalent of the 
vessel. 

11. How much heat is necessary to change 50 g of ice at —10° C to 
steam at 150° C ? 

12. An alumiiHum cup (specific heat 0.21) weighing 80 g contains 483.2 g "^ 
of water at 18° C. Steam is passed into it until the temperature is raised 

to 37° C. The calorimeter with water weighs now 579.2 g. Calculate the 
heat of vaporization. 

13. How much would the air in a room 6 x 5 x 3 m be warmed by the 
condensation of 1 kg of steam in the radiator ? 

14. Find the correction which must be applied to a thermometer which 
gives the boiling point of water at 98°.5 C when the barometer stands at 
75 cm. 

15. At what temperature will water boil in Denver, 5000 ft above sea 
level? 

16. How much water vapor will be produced if 5 kg of water super- 
heated to 105° C suddenly begin to boil under atmospheric pressure ? The 
density of saturated water vapor at 100° C is 0.000606 g/cc. * 
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17. How much water at 100° C and under atmospheric pressure can be 
vaporized by the burning of 1 kg of coal ? Consider all the heat units pro- 
duced as available for the evaporation of water. See problem 5, p. 231. 

18. A mass of 500 g of saturated steam at 100"" C is enclosed in a cylin- 
der furnished with a frictionless piston of 400 sq cm area. No heat is sup- 
posed to leave the cylinder through the walls, and the vapor is allowed to 
do work by pushing the piston 10 cm out against a pressure of 75 cm of 
mercury. How much steam will be condensed ? 

19. The dew point of air at 25° C is found to be 17° C. Determine from 
the vapor tension curve on p. 241 the relative humidity. What would be 
the relative humidity if the temperature of the air had been 20^ ? 

20. How much heat is absorbed when 1 kg of liquid air is boiled under 
atmospheric pressure and subsequently heated to 20° C? Compare this 
amount with the heat absorbed by 1 kg of ice melted at 0° C and the water 
subsequently heated to 20° C. Boiling point of air ^ — 190° C ; heat of 
vaporization of air 50 cal per gram. 

21. Assume 2 g of carbon dioxide to be compressed into a space of 8 cm^ 
Find from Fig. 109 what pressure it exerts at 21°.5 C and what the pressure 
will be if the temperature be raised through 11° C, the volume remaining 
the same. How much would the pressure have increased if a perfect gas 
should have been used instead of carbon dioxide ? 

22. How much external work is done by 1 kg of water when it freezes 
at 0° C under atmospheric pressure. What would be the change in the 
heat of fusion of water if this amount of energy were not included ? 

23. How much external work is done by the transformation at 100° C 
of 1 kg of water into steam under normal pressure ? How large would be 
the change in the heat of vaporization of water if this amount of energy 
were not included ? , ' , ' ^ 
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DISTRIBUTION OF HEAT 

CHAPTER XXVHI 

CONDUCTION 

221. Three Modes of Distribution of Heat. In a general way 
we may speak of the transfer of heat from one body to another, 
and such transfer is always involved whenever bodies, originally 
at different temperatures, come to thermal equilibrium (Art. 
148). This state is reached, in the case of two bodies thermally 
insulated from all other bodies, by a mutual approach toward 
some intermediate temperature. The temperature of one body 
rises and that of the other falls, by intervals which vary in- 
versely as the thermal capacities of the two bodies in question. 

In case one body be connected to some source of heat, the 
tendency is to maintain this body at some definite temperature 
and to bring surrounding bodies to the same temperature 
through the transfer of heat. In all cases, however, heat is 
transferred from the body of higher temperature to the body of 
lower temperature. From this point of view, difference in tem- 
perature is seen to be analogous to difference in level, or to dif- 
ference in hydrostatic pressure in liquids, and to difference in 
pressure in connected reservoirs containing gases. In every 
case the difference in temperature or thermal pressure deter- 
mines both the direction and the rate of transfer of heat. 

Heat may be distributed in any one of three different ways, 
or, more generally stated, it may be distributed in all three ways 
at the same time. The three modes of distribution of heat are 
by Conduction^ by Convection or by Radiation. 

By Conduction is meant the flow of heat through an unequally 
heated body, or system of bodies, from points of higher to points 
of lower temperature. This mode of distribution of heat is ex- 
emplified in the heating of a metal rod by placing one end in a 
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Bunsen burner flame. The part in the flame soon becomes quite 
hot, the molecules of adjacent parts have their motion quickened 
through the impact of those in the hotter part, and a transfer of 
heat takes place to points of lower temperature. In this way is 
set up a steady flow of heat through a rod, between whose ends 
a definite difference in temperature or thermal difference of level 
is maintained. Such a rod is said to be a conductor of heat, and 
the relative ease with which such transfer is made is termed the 
thermal conductivity of the metal. 

By Convection we mean the transference of heat by the bodily 
movement of heated particles of matter. In buildings heated 
by steam, by hot air or by hot water we find excellent examples 
of convection of heat. 

By Radiation we mean the transfer of energy from point to 
point in space by means of waves set up in the ether. The 
earth is heated by radiation from the sun. The sunlight pass- 
ing through the window pane brings both light and "heat" 
into the room. If we hold our hands above a heated stove, the 
hand is heated both by convection through the air and by radi- 
ation. If, however, we hold the hand at the side of the stove 
and at the same distance from it, the hand will still be heated, 
but in this case it will be due to heating hy radiation only. 

Distribution of heat by radiation is characterized by the 
absence of any temperature effect upon the medium between 
the hotter and cooler body. It is true the hotter body loses 
heat, but from the definition of heat (Art. 146) it is apparent 
that the energy after it leaves the hotter body can no longer 
be called heat. It is "energy of radiation" and follows the 
laws of radiation. But when this form of energy is absorbed 
by a body, it is retransformed into heat, and the final result 
will be the gain of heat by one body at the expense of another 
body at a higher temperature. 

From the foregoing it is clear that the so-called radiant 
" heat " is more closely connected with the subjects of light and 
electrical waves than with heat. For this reason radiation, in- 
cluding all three phenomena mentioned, will be treated in a 
later chapter. 
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222. The Temperature Gradient. It has been shown (Art. 147) 
how conduction of heat may be explained by the molecular 
theory of matter as an equalization of molecular kinetic energy. 
If a rod of metal be placed in a flame, the rise in temperature is 
at first largely influenced by the specific heat of the substance, 
since the smaller the specific heat, the more rapidly the tem- 
perature will rise. 

After a short time, however, the temperature along the bar 
becomes constant, falling off more or less rapidly from the 
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hotter to the cooler end (Fig. 112), while heat flows steadily 
through the bar at a definite rate. 

The temperature gradient at a point is the space rate of 
change of temperature^ or 

(294) 



gradient = ^ ^ 



I 
It is represented by the tangent to the temperature curve. 

Different bodies vary greatly in their ability to conduct heat. 
Silver is a very good conductor, iron not so good. A glass rod, 
placed in a flame, does not become too hot to touch more than a 
few centimeters from the flame; while we can hold a match 
until the flame almost touches the fingers. 

The better thermal conductor a substance is, the smaller is 
the temperature gradient, other things being equal, or, the 
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smaller is the decrease of temperature for a given distance from 
the flame. 

We may compare the relative conductivity of copper and iron 
by taking a copper and an iron wire of the same cross section, 
twisting their ends together and attaching to them at short dis* 
tances apart, small pellets of wax. On placing the twisted 
ends in the flame of a Bunsen burner, the pellets will drop off 
as soon as the temperature has risen sufficiently to melt the 
wax. It will be seen that the distance through which the pel- 
lets have dropped off is much larger on the copper than on the 
iron rod. This shows that copper is a better conductor of heat 
than iron. 

223. The CoefSlcient of Thermal Conductivity. Let two sides 
of a plate of thickness I be kept at constant temperatures t^ and 
^2, ^1 being larger than t^. Heat flows through the plate from 
higher to lower temperature. The quantity of heat passing 
through any area A is proportional to this area, to the temper- 
ature gradient and to the time r, during which the heat flows. 
Thus we obtain 

S^kA^A^r (295) 

^\^^nevG A: is a proportionality factor depending upon the material 
of the plate. It is called the coefficient of thermal conductivity 
and may be defined as the time rate of heat conduction per unit 
area per unit temperature gradient. It is numerically equal to 
the heat transferred in unit time through unit area of a plate of 
unit thickness, if unit difference of temperature be maintained 
between its two faces. 

The numerical value of k depends upon the units chosen for 
the other quantities. It is said to be expressed in c. G. s. units 
if J?" be given in calories, t^— t^ in degrees Centigrade and the 
rest of the quantities in c. G. s. units. The experimental deter- 
mination of k is very difficult, chiefly on account of the loss of 
heat from the sides of the body through which the heat passes. 

224. Conduction of Heat in Liquids and Gases. In general 
liquids are poor conductors of heat. Water in a test tube may 
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be boiled in the upper part of the tube, while the lower part 
contains a piece of ice held down by a piece of wire gauze. 

Gases are even poorer conductors than liquids. Porous sub- 
stances such as wood, wool and asbestos are poor conductors, 
on account of the large amount of air enclosed in the interstices 
between the solid material. Such substances are much used to 
prevent loss of heat from steam pipes, fireless cookers, etc. For 
this same reason loose clothing is warmer than snugly fitting 
garments. 

In all determinations of the conductivity of fluids it is neces- 
sary to avoid currents in the fluid, since they would produce an 
equilization of temperature by convection instead of by con- 
duction. 

225. The Leidenfrost Phenomenon. If a drop of water be 
carefully placed by means of a pipette upon a metallic plate, 
which has been heated to low red heat, the water does not boil, 
but forms a flattened spheroid, rolls about the surface, evaporating 
quietly, because a thin film of vapor is formed between the plate 
and the drop. Owing to the low conductivity of the vapor, 
heat enters the water but slowly and the drop is at a tempera- 
ture several degrees below the boiling point. This is called the 
Leidenfrost phenomenon, or the phenomenon of the spheroidal state. 

If the plate and the drop be connected by an electric circuit 
containing a bell, the bell does not ring, since there is no contact 
between plate and drop. When the plate is allowed to cool 
again, the water makes contact with the plate, boiling sets in 
and the bell begins to ring. 

TABLE XVI 
Coefficients of Thermal Conductivity in C. G. S. Units 



Substance 


k 


Substance 


k 


Silver 

Copper ..... 

Zinc 

Iron 

Mercury 


1.00 ' 

0.90 

0.25 

0.15 

0.016 


Glass 

Ice 

Wood 

Water 

Air 


0.0015 

0.005 

0.002 

0.0015 

0.00005 



ou 
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226. Applications. Mention has already been made (Art. 
148) of the fact that metals appear colder in cold weather and 
warmer in warm weather than wood, wool or similar substances. 
This is easily explained by the difference in thermal conduc- 
tivity of the substances in question. 

A flame does not actually touch a body which is kept at a 
temperature much lower than that of the flame. Thus water 
may be boiled in a paper tray over the flame of a Bunsen 
burner, since the paper remains approximately at the tem- 
perature of the boiling water. If we place a piece of wire 
gauze a few centimeters above a Bunsen burner, turn on and 
ignite the gas above the gauze, we shall see that the flame will 
not " strike back " so long as the temperature of the gauze is 
kept low by conduction of heat away from the flame. If the 
gauze be lowered over a flame, the flame will not strike through 
for some time and will do so only after the gauze has become 
quite hot. 

This fact is utilized in Davy's safety lamp. A fine wire 
gauze entirely surrounds the flame of the lamp. If there be 
any explosive gases in the mine, they will pass through the 
gauze into the lamp and ignite there, burning with a bluish 
flame. For some time the gauze remains cold enough to pre- 
vent an explosion of the gases outside. The burning of the 
gases in the lamp is a warning to the miner to leave the 
workings until ventilation has restored the atmosphere to a 
safe condition. 



CHAPTER XXIX 

CONVECTION 

227. Cause of Convection. If a vessel filled with water, in 
which some solid particles float, be heated, the solid particles 
show by their motion that a current rises from a point directly- 
over the flame and flows downward again along the cooler walls 
of the vessel. The upward motion is due to the expansion and 
decrease of density of the water as the temperature rises. This 
raises the surface over the heated portions, and the water flows 
to the lower level above the cooler portions, thus increasing the 
pressure. The cooler water flows then from points of higher 
pressure to those of lower pressure and drives the heated 
portions upward. 

In the same manner the density of air is decreased by heat- 
ing ; the light air expands, flows off at the sides, and the cold 
air presses into the areas of low pressure, causing an upward 
motion of the heated air. Convection currents in air may often 
be observed in the "shimmering" of the air over heated plains. 
The same effect can be shown by passing a beam of light through 
the air above a heated plate. The heated air is lighter, and has 
a different index of refraction from that of the cooler air around 
it, and its movement can be distinctly seen on a screen. 

Convection currents do not, strictly, transfer heat, but heated 
particles. An actual transfer of heat occurs when these parti- 
cles come into contact with cooler bodies and heat them by 
conduction. 

228. Convection in Liquids. Convection of heat by liquids 
is employed in the heating of buildings by hot water (Fig. 113). 
The water rises from the boiler B through a system of pipes to 
the rooms, loses heat in the radiators iZ^, R^ and is led back to 
the lower part of the boiler by the return pipes. Every hot- 
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water system must be supplied with an open tank, T^ to allow 

for the expansion of the water when heated. 

Some ocean currents, originating near the equator, have 

been considered as convection currents. The level of the 

ocean rises with increase of temperature, 
and the water flows towards the lower 
levels farther north, being replaced by 
cold water from below. Wind, however, 
is a more important factor in directing 
the ocean currents, than the extremely 
small expansions produced by the heat- 
ing of the ocean. 

229. Convection in Gases. Convection 
currents of air are in common use for 
heating buildings and for ventilation. 
Convection currents are very efficient 
equalizers of temperatures. The amount 
of heat carried in this way is quite large. 
Since one cubic meter of air at 20° C 
weighs 1.2 kg and its specific heat is 
0.24, a cooling of this amount of air to 
15° C would release 1440 calories. 

The following experiment shows clearly 
the effect of convection currents of dif- 
ferent gases upon a heated body. In- 
close a fine straight platinum wire in a 
glass tube so that it hangs vertically in 
the axis of the tube. Arrange the ex- 
periment so that the tube can be ex- 
hausted. Heat the wire to dull red heat by a definite electric 
current. Upon exhausting the air the wire will lose much less 
heat than before, owing to the absence of convection currents, 
and its temperature will be raised to a bright yellow heat. 
Now let the tube be filled with hydrogen gas. The same 
electric current as before will not be sufficient to produce a 
glow in the wire, showing that the convection currents of the 
hydrogen have a much larger cooling effect than those of air. 




^i2_ jij^~^n I 



1 
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Fig. 113. 
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The bulbs of incandescent lamps are exhausted and thus 
loss of heat by convection currents from the glowing filaments 
to the glass envelope is avoided. The so-called " Dewar flasks '' 
(Fig. 114) are double-walled glass vessels, the space between 
the walls being an extremely low vacuum, and only a very 
small heat exchange takes place between the inside and outside 
of the vessel. Liquids with low boiling points, 
such as liquid air or liquid hydrogen, may be 
kept much longer in Dewar flasks than in or- 
dinary vessels since the rate of evaporation is 
greatly reduced, on account of the slowness 
with which the heat needed for evaporation 
passes to the liquid. Recently such flasks have 
been placed on the market under the name of 
" Thermos-bottles," and serve equally well either 
for keeping a liquid hot or for keeping it cold. 

230. Convection Currents in the Atmosphere. 
Land and sea breezes are examples of convec- „ 

Fig. 114. 

tion currents. The heating of the land during 
the day produces an expansion and decrease in pressure of the 
air, while cooler air from the sea takes the place of the rising 
air. At sunset the opposite occurs, since the land cools rapidly, 
while the ocean, owing to the large specific heat of water, re- 
mains at the same temperature as during the day. 

The trade winds furnish examples of convection currents 
on a large scale. The heated air in the tropics rises and 
and cooler air flows in from the north and south. On account 
of the motion of the earth these cool winds come from an 
easterly direction. The air which has risen in the tropics 
flows off towards the poles and descends again to the surface 
of the earth at a latitude of about 35°. Now since these warm 
winds descend from greater heights and have therefore a larger 
velocity toward the east than the surface of the earth, they 
will flow from the southwest in the northern hemisphere and 
from the northwest in the southern hemisphere. 
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Problems 



1. Water is boiled in an iron vessel having a heating surface of 400 cm^ 
and a thickness of 4 mm. How much water will be evaporated per hour, if 
the surface exposed to the fire be kept at 280° C ? 

2. A lake having a surface area of 9000 square meters is covered by a 
sheet of ice 5 cm thick. How much heat will pass through the ice in two 
hours, if the temperature of the air be — 10°, and the ice do not appreciably 
increase in thickness? 

3. The walls of a certain refrigerator have an area of 10,000 cm^, are 
8 cm thick, and are made of wood. Find how much ice may be expected to 
melt in a day, if the outside temperature be 25° C ? 

4. How much coal must be burned to compensate for the loss of heat due 
to conduction for one day through a glass window 4 mm thick and having 
an area of 2 square meters, supposing the air in the room next to the glass 
to be at 25^^ C, and the outside air at — 10° C ? Why is this amount much 
greater than that actually needed? 

5. How much heat would be lost per square decimeter per minute by a 
man clothed in a fabric 0.3 cm thick, having a coefficient of conductivity 
equal to 0.00012 c. 6. s. units, assuming the temperature of the air to be 
5° C, and the temperature of the body 30° C ? 

6. A balloon of nearly spherical shape and of a capacity of 1000 cubic 
meters is filled with air of a temperature of 30° C above that of the outside 
air, which is at 20° C. What is the buoyant force driving the balloon 
upward ? 



